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We show that the bound electron pairs (BEPs) emerge in two-dimensional gated Rashba materials owing to
the interplay of the pair spin-orbit interaction, produced by the Coulomb fields of interacting electrons, and
the peculiarities of the band structure giving rise to a negative reduced mass of the interacting electrons. Our
consideration is based on the four-band Bernevig-Hughes-Zhang model with the Rashba spin—orbit interaction
created by the charges on the gate. The binding energy of the BEP varies with the gate voltage in a wide range

across the entire width of the two-particle energy gap. Although the spin-orbit interaction destroys the spin
quantization, the BEPs have a magnetic moment, which is created mainly by the orbital motion of the electrons

and tuned by the gate voltage.

1. Introduction

In recent years a great deal of attention is paid to the effects of
electron—electron (e-e) interaction in materials with non-trivial band
states [1]. Of special interest is its interplay with the spin-orbit in-
teraction (SOI) [2-6], which under certain circumstances can lead to
the purely electronic mechanisms of electron pairing [7]. Studying
these mechanisms is important, of course, not only because of problems
of high-temperature superconductivity [8], but also because exploring
the formation of the bound electron pairs (BEPs) and, generally, few-
electron complexes [9,10] lays the ground for understanding a more
intricate problem of the correlated many-electron state. The formation
of BEPs with the energy lying in the band gap of the many-band
material is also interesting because it gives rise to unconventional
transport of charge and spin even in the absence of band conductivity.

The BEPs have been studied in graphene and bigraphene [11,12],
in flat-band systems [13,14], in Dirac semimetals [15], in topological
insulators [16], to name just a few. Electron pairing is often attributed
to the peculiarities of the band structure and, in particular, to the for-
mation of the negative reduced mass, which governs the relative motion
of the electrons in the pair. In this case even the Coulomb repulsive
interaction between the electrons can bind them into a pair [17].

Another pairing mechanism recently discovered is based on the pair
spin-orbit interaction (PSOI). This is the e-e interaction component
that depends on the spin and momentum of the electrons, which is
produced by the Coulomb fields of interacting electrons in Rashba
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materials (Ref. [18] is a recent review of the subject). The PSOI is
attractive for the electrons in particular spin configurations tied to their
momentum, and competes with the Coulomb repulsion of electrons.
Under certain conditions, attainable in materials with the giant Rashba
SOI, the PSOI prevails, which leads to the formation of the BEPs [19—
21]. To date, the BEP formation due to the PSOI was explored within
the conduction-band approximation.

This makes it impossible to study the BEPs with high binding ener-
gies comparable to the band gap, which is usually small in materials
with a very strong SOI. However, of greatest interest are the strongly
bound pairs considered as composite particles carrying charge and spin.
For this reason, the theory of the electron pairing due to the PSOI must
be generalized to the multi-band models that properly describe the SOI
originating from the hybridization of the atomic orbitals with different
spin and orbital structures. This is even more so for the effective
reduced mass of an electron pair, the sign and magnitude of which in
a multi-band system are determined by the mixture of atomic orbitals
involved in the model, which should be found self-consistently from the
solution of the equation of motion [16].

The goal of the present paper is to explore the energy spectrum and
magnetic properties of the BEPs arising in two-dimensional (2D) sys-
tems with the giant Rashba effect. The particular mechanisms behind
the giant SOI can be quite different in such systems as the heterostruc-
tures based on LaAlO;/SrTiO; [22,23], the monolayers of BiSb [24],
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the specifically crafted structures based on 2D layers of van der Waals
materials with heavy adatoms [25,26], and many others [2], but in a
single-band approximation the main effect of the SOI is captured by a
widely used SOI Hamiltonian linear in the wave vector [27]. On the
contrary, in a multi-band situation the Rashba SOI effect is described
by a specific model for each mechanism.

We base our study on the Bernevig-Hughes-Zhang (BHZ) model [28],
which is well established to describe many quasi-2D systems in both
topological and trivial phases. However, in this model, Rashba SOI
is due to the sp? band hybridization mechanism, which as we found
results in a PSOI not strong enough to reliably overcome the Coulomb
interaction [21,29]. Nonetheless, the situation is significantly improved
in the presence of the SOI produced by the electric field of the gate,
which makes it easier to achieve this condition.

Therefore we will study the BEPs in a 2D material described by the
BHZ model with the structure-inversion-asymmetry (SIA) Rashba SOI
created by a charged metallic gate. The gate plays several important
roles here. The electrons induce the image charges on the gate, the
normal electric field of which contributes to the PSOI [21,30,31]. The
external voltage applied to the gate creates one-particle Rashba SOI
that enhances the electron pairing. And finally, the gate screens the
Coulomb e-e interaction, which affects the balance between the PSOI
and Coulomb interaction by changing the spatial profile of the effective
binding potential.

The SOI is produced by both normal and tangential components of
the electric field in the layer. The in-plane electric field is taken by the
BHZ model exactly within the sp® hybridization scheme, whereas the
SOI due to the normal electric field is accounted for in the generaliza-
tion of the original BHZ model [32].

An important point is that the presence of the SOI produced by the
electric field due to the gate totally destroys the spin quantization. As a
result no spin projection is well defined. The only conserving quantity
at a given energy is the normal projection of the total angular moment
which is quantized as J, = 2mh, m € Z. If J, is nonzero, one can expect
the magnetic moment of the BEP to be also nonzero. Considering the
BEPs as the composite particles, it is of significant interest to find out
the magnitude of the magnetic moment they carry, and how it depends
on the energy of the BEP and the system parameters. The predicted
non-trivial behavior of the orbital magnetization associated with the
BEPs could be probed using the recently emergent state-of-the-art
experimental techniques [33].

We have shown that the interplay of the PSOI and the peculiarities
of the subband structure of the electronic states gives rise to a purely
electronic pairing mechanism. The energy level of the resulting BEPs
varies with the gate voltage in a wide range across the entire width
of the two-particle energy gap. Even though the SOI destroys the spin
quantization, BEPs do possess a magnetic moment, which is created
mainly by the orbital motion of the electrons and is tunable by the gate
voltage.

2. Model and results

The BHZ model is formulated in the four-band basis
B=(E1),|H1),|El),|H|)). The states |E 1) and |E |) are composed
of the electron- and light-hole band states with the angular momentum
projection of m; = +1/2, whereas |H 1) and |H |) are the heavy-hole
states with m; = 3/2. The one-body Hamiltonian that governs the
envelope wave-function is [32]:

M + B, K> Ak, —iS(F, k_} 0
. Ak_ -M — B,k? 0 0
H=| . : 5 )
IS{F k) 0 M + Bk —Ak_
0 0 —Ak, -M — B,k?

Here M is the mass or gap parameter, B, and B, are the dispersion
curvatures in the electron-like and hole-like bands, A defines the band
hybridization, and ¢ is a material-dependent Rashba constant. Then, k&
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is the momentum operator, k, = k, + ik, and curly brackets stand
for anti-commutator to ensure the hermiticity for the case of the non-
uniform electric field. The normal electric field % produces the Rashba
SOI that couples only the electron-like states. The formation of the
bound electron pairs proves highly sensitive to the inversion of the
electron-like and hole-like bands. In what follows, we consider only the
trivial phase.

In the absence of the SOI, the single-particle spectrum has an energy
gap at (—M, M). With Rashba SOI present, the gap extends from the
top of the valence band at ¢ = —M to the bottom of the conduction
band, which is lowered down by the SOIL Things change as we go to
the two-body problem [16].

The non-interacting two-body Hamiltonian is constructed as a Kro-
necker sum H;.. = H, & H, of the one-body terms of Eq. (1). For
electron pairs with zero total momentum, the gap in the two-body
spectrum belongs either to the lower (for B; > B,) or to the upper
(for B, > B)) half of the energy interval of (-2M,2M). The position
and width of the gap depends on the Rashba SOI magnitude. The
continuum boundaries are plotted by the dashed lines for both cases
correspondingly in Figs. 1 and 2. The energies of the BEPs lie exactly
within the gap.

The Hamiltonian of two interacting electrons is obtained by adding
the Coulomb interaction energy U to the free Hamiltonian,

H=H ®H,+Ur  —ryl, 2)

and by recognizing the fact that the electric field €(r) of the Coulomb
interaction between the electrons depends on their relative in-plane
position r = r; — r,, which gives rise to the PSOI [18].

The model system we consider consists of a 2D layer of Rashba
material proximitized by a charged metallic gate. The gate affects the
electron—electron interaction potential

&2

V2 +a? ’

a/2 being the distance to the gate. The contribution of the in-plane elec-
tric field component g (r) = éV,Cu(r) to the PSOI is exactly taken into
account within the BHZ model via the hybridization of the electron-
like and hole-like bands, similarly to the one-body SOI produced by an
external in-plane electric field [32].

The presence of the gate also gives rise to the normal component
of the electric field F(r) = €, (r) + F acting on each of the interacting
electrons. It has two terms. The component from the other electron’s
image

2
%m=%— )]

ea

€ (n= C)

2 +a?

which depends on the relative distance between the electrons, con-
tributes to the PSOI [21,30]. The uniform component of e/a* from
each electron’s own image sums up with the normal field from the
net charge of the gate to give the total field F, which produces the
one-body Rashba SOIL.
The two-electron basis is the direct product of %, ® %,. Explicitly,
it is written as
B OB, =(ETEN),|ETHT),|ETEL),|ET HI),
[HT EN),|HTH1),|HT ELl),|Ht Hl),
[EVEM),IELHT),IELEL),|IEl HI),
[HLE),|HLH),|[HLEL),|[HL HI))".

)

2.1. BEP wave function

For simplicity, we restrict our consideration to a particular case of
the electron pairs with zero total momentum, although it is known that
the center-of-mass motion of the pair can also lead to electron pairing
in Rashba materials [19,31]. Such BEPs are formed by two electrons
orbiting around their common barycenter.
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In this case, the two-electron wave-function, which represents the
spinor of the 16th rank, depends only on the relative distance r =
(r, p) between the electrons. The eigenfunctions of the Hamiltonian
of Eq. (2) are also the eigenfunctions of the total angular momentum
along the z direction J,, which leads to the following form of the
wave-function [16]:

P, = XMy (e, iy (re ™2,y (1), iy, (r)e'®,
— iy (e 2, Y5 (Ne ™, iy (e ™,y (r),
— y3(r), iy (e ™™,y (e’ —iyg(r)e??,

—2ip

(6)

. i . i ip\T
iy (e'?, =y (r), iy (e, y(Ne )’

with m € Z being the angular quantum number. Note that the spinor
contains 10 independent components instead of 16 that would be
consistent with the rank of the two-particle Hamiltonian. This is a
result of the wave-function anti-symmetry with respect to the electron
permutation. The eigenvalue of J is 2mh. Even values of 2m ensure that
the wave-function is anti-symmetric under the electron permutation,
which is accompanied by ¢ — ¢ + x.

The spinor components satisfy the system of coupled equations of
Eq. (A.1). The two-body problem in Rashba materials allows for two
seemingly different mechanisms of electron pairing. First, electron pairs
may arise bound by the Coulomb interaction because of the negative
reduced effective mass of two electrons formed by the hybridization of
the electron-like and hole-like bands [16,34-36]. On the other hand,
the BEPs can be formed due to the PSOI, which proves to be attractive
for a particular spin configuration of the electrons. This division is
rather arbitrary in the multi-band model, where the BEPs are formed
as a result of the interplay of both mechanisms.

The BEPs energy levels are doubly degenerate with respect to the
sign of m, except for the state with m = 0, which is non-degenerate.
The components of the spinors ¥,,, and ¥_,,, , where n, € N stands for
the radial quantum number, feature a certain cross-symmetry, which is
a direct consequence of the time-reversal invariance in a bound pair
composed of electrons with opposite momenta:

¥on, - ¥,
(ETET) v (r) = wg(r) (IEVEL))
(IETH1) Yo (r) = wo(r) (IHI EL)) @
(IETHL)) yy(r) = we(r) (IHT EL))
(IHTHT) ws(r) = yi(r) (IH| H))

These equations are also valid for m = 0. In this case they define the
relations between the different components of the spinor ¥,,_,,, -

2.2. BEP spectrum

The eigenvalue problem of Eq. (A.1) is treated numerically. The
system spectrum is found by the finite elements method [37] using the
Arnoldi eigenvalue solver [38]. The method of choice to find all the
eigenvalues in the energy gap would be the FEAST solver [39], were
it not for the lack of support for non-hermitian problems in its early
version currently used in the Intel Math Kernel Library.

We choose the system parameters typically found in 2D Rashba
materials [40]: M = 0.0l1eV, A = SAeV, ¢ = 20. However, we assume
larger SOI coupling & = 5 x 103 A%, as contrasted to £ from 1 x 10°A” to
2x10%A commonly found in such system, and quite a short distance
of a=20A.

Fig. 1 shows the position of the energy level of a BEP as a function of
the gate electric field F. This is the BEP ground state corresponding to
m = 0 and radial quantum number of n, = 1. The one-body Rashba SOI
produced by the electric field F is seen to enhance the electron pairing
by increasing the binding energy, in agreement with a conduction-band
approximation treatment [21,31]. The BEP in the ground state has no
definite spin, with zero spin projection along any direction. There also
exist shallow energy levels close to the lower continuum boundary, not
resolvable in the figure.
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Fig. 1. The energy level of the BEPs (solid line) as a function of the gate electric field
F within the energy gap of the continuum of unbound states. The system parameters

are B, = 120AeV and B, = 20A’eV. The continuum boundaries are shown by the
dashed lines.
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Fig. 2. Two energy levels of the bound electron pairs (green and blue solid lines) as
a function of the gate electric field F. The continuum boundaries are shown by the

02 02
dashed lines. The system parameters B, = 20A eV and B, = 120A eV are inverted as
compared to Fig. 1.

2.3. BEP helical structure and magnetism

The fundamental properties of the BEPs as composite particles that
can manifest themselves in a collective behavior of the many-body
system are their charge and spin. While the charge is well known, it
obviously equals 2e, the spin is not defined. However, a composite
particle certainly has magnetic properties, which are determined by the
helical structure of its quantum state, which is formed by the relative
motion of paired electrons and the contributions of different atomic
orbitals to the spinor of the state.

Before presenting the results, let us dwell in more detail on the
essence of the problem. First we note that the helicity of single-particle
states, which physically means the tight coupling of the momentum to
the spin, arises due to the strong SOIL In the model under study the
SOI is inherently presented through the sp® hybridization. Additional
factors producing the SOI, such as a natural inversion asymmetry
caused by the atomic structure of the 2D layer or the electric fields of
external charges, break down the spin quantization so that no spin pro-
jection is defined and therefore the helicity cannot be determined. This,
however, does not mean that the helical nature of the quantum state is
destroyed [41]. The point is that the system remains symmetrical with
respect to the time reversal and therefore the eigenstates are classified
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by their Kramers index instead of the spin projection. In each of the
Kramers partners the electrons move in opposite direction and their
spin states are described by different four-component spinors related
by the time reversal transformation [42]. The two-particle bound states
forming under this condition have been extremely poorly studied. Since
the spin is not a quantity that characterizes these states, and only the
total angular momentum is a conserved quantity, the magnetic moment
of a pair is the measurable quantity that most adequately characterizes
its helical structure.

The total angular momentum J, = L_ + S. + K_ of the BEP has
three components: the orbital moment L, of the relative motion of
the particles, the electron spin S,, and the angular momentum K,
of the atomic orbitals. All three contribute to the magnetic moment
H = Horbital + Hspin + &Mp1ocn Of the BEP, with material-dependent Landé
factor g (See Box I).

(8)
Box I.
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The orbital magnetization is produced by the circular current due
to the relative motion of the electrons within the pair. The magnetic
moment is strongly renormalized by the SOI, which affects the electron
velocity.

The spin magnetization
Hgpi
= / (v =203 —yi()

B

+ YR (r) + 295 (r) + Wi (r) ) Azrdr

9

is due to the Zeeman splitting of the spin sector. The last contribution
to the magnetization

B [ (u30)+ v - v

Hp (10)

- y/g(r) + x//g(r) + y/lzo(r) ) 4zrdr

is due to the angular moment of the p-like basis Bloch states.

The lowest energy level (n, = 1,m = 0) possesses no magnetic
moment associated with any of them, as all three contributions vanish
by force of Eq. (7). However, the excited states carry the circular
current hence contributing to the orbital magnetization, possess the
non-zero spin projection on the normal direction, and also feature the
finite magnetization coming from the atomic orbitals.

The formation of a BEP with a nonzero angular momentum due
to PSOI encounters certain limitations caused by the presence of a
centrifugal barrier, which rapidly grows with decreasing the distance
from the center and prevents the attraction due to the PSOI. Calcula-
tions show that BEPs with nonzero angular momentum are formed at a
sufficiently small dispersion parameter B, in the electron subband. This
is not difficult to understand, since within the framework of the used
model the SOI acts on the electron subband states, therefore an increase
in the effective mass leads to a decrease in the centrifugal energy, and
the attraction due to the PSOI becomes predominant. Further study of
the magnetic moment is carried out for this situation, which is quite
realizable due to the advances in the band engineering [43].

The energy spectrum of the BEPs with n, = 1,m = 1 for this case
is shown in Fig. 2 as a function of the gate voltage. Two different
types of the bound states are seen to exist. At low gate voltage, the
BEP is formed with the energy slightly above the continuum boundary.
As the gate electric field increases, the energy of the state increases

Fig. 3. The orbital magnetization of both types of the BEPs as a function of the gate
electrical field.

too. The second type of the BEP arises for the electrical field larger the
some critical value F,, which is determined by a balance between the
Coulomb repulsion of the electrons, the sign and magnitude of their
effective reduced mass, and the effect of the PSOL Its energy features
the non-monotonous dependence on the gate field, which strongly
affects the hybridization of the electron bands that form the BEP. When
its energy becomes comparable with that of the shallow state, a visible
anti-crossing appears in the spectrum.

The orbital magnetic moment ;. of two types of the BEPs is
plotted versus F in Fig. 3. Both the magnitude and sign of the p ;.
are tunable by the gate electric field. Increasing F leads to a strong
reconstruction of the orbital and even helical composition of the BEPs.

The BEP magnetization is dominated by the orbital contribution,
as can be seen from the comparison with Fig. 4, where the spin
magnetization and the magnetization due to the basis atomic orbitals
are plotted as a function of the gate electric field.

3. Conclusion

We have studied the formation of the BEPs due to the PSOI in a
gated 2D material with a two-band spectrum and a strong Rashba SOI
created due to the sp® band hybridization. The gate plays an important
role here as it creates both the electric field normal to the layer, which
is homogeneous along the plane, and the electric field of the image
charges of the electrons, which contributes to the PSOI along with the
in-plane component of the Coulomb field of interacting electrons. Due
to the presence of the gate, the influence of the PSOI on the BEPs
emerging in the system increases significantly, and can be controlled
by the gate field. Thus, it becomes possible to shed light on the physical
mechanism of the formation of the BEPs.

Two mechanisms are discussed that give rise to the effective at-
traction of the electrons: the universal mechanism for the formation
of a negative effective reduced mass due to the fact that the quantum
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Fig. 4. The spin magnetization (solid lines) and magnetization due to the atomic
orbitals (dashed lines) of both types of the BEPs as a function of the gate electrical
field.

state of a pair is formed by mixing the subband states with opposite
masses, and the mechanism of the PSOI, created by the Coulomb fields
of electrons in Rashba materials. Both are essentially two aspects of the
subband hybridization, but reflect different properties of the subband
states. By changing the gate field, one can trace how the interplay of
these two mechanisms manifests itself in the spectrum and magnetic
properties of the BEPs.

We found that an increase in the PSOI leads to the appearance of
the BEPs with a sufficiently high binding energy, the energy level of
which, with an increase in the gate field, moves from the top of the
gap in the two-particle spectrum almost to its bottom. Along with these
pairs, there are the states with an energy slightly above the bottom of
the gap, which also exist without a SOI. Under certain conditions the
levels of these two states can converge and, as a result of the avoided
crossing, the states hybridize.

The gate-induced SOI breaks the spin quantization, because of
which the spin projection in any direction is no longer defined. The
quantum state of the BEP is characterized only by the normal projection
of the total angular momentum. Nevertheless, the composite particle
formed as a result of the electron pairing has a magnetic moment
directed normally to the layer. Its magnitude is determined mainly
by the orbital relative motion of the electrons, although the motion
of the spin, and the magnetic moment of the atomic orbitals also
contribute to it. In the ground state with zero angular momentum the
magnetic moment is also zero. The magnetic moment exists in the states
with nonzero total angular momentum. The magnitude of the magnetic
moment can be fine-tuned by the gate field, giving rise to a novel
mechanism of the electrically controlled orbital magnetization of the
two-electron bound states.

The dependence of the magnetic moment on the gate field is quite
different for the pairs formed mainly due to the negative effective re-
duced mass or mainly due to the PSOI. The magnetic moment can even
change its sign in the course of the hybridization of the states, which
indicates a rearrangement of the helical structure of the BEPs. This ap-
parently stems from a change in the relative motion of electrons during
the hybridization of the upper and lower branches of the spectrum
of the BEPs with predominantly different pairing mechanisms. Such
a sign change would be an experimental fingerprint of the discussed
mechanism.
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Appendix. Equation of motion

Hamiltonian of Eq. (2) leads to the following system of coupled
equation of motion for the spinor components of Eq. (6) (See Box II).
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