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Abstract—We review the effects of the pair spin–orbit interaction (PSOI) in Rashba materials. The PSOI is
the electron–electron interaction component that depends on the spin and momentum of the electrons.
Being produced by the Coulomb fields of interacting electrons, it exists already in vacuum, but becomes
orders of magnitude larger in materials with the giant Rashba effect. The main nontrivial feature of the PSOI
is that it is attractive for electrons in certain spin configurations tied to their momentum and competes with
the Coulomb repulsion of the electrons. Under certain conditions attainable in modern low-dimensional
structures the PSOI prevails. The resulting attraction between electrons leads to the formation of bound elec-
tron pairs, the binding energy of which can be controlled by electrical means. In many-electron systems the
PSOI results in the instabilities of the uniform ground state with respect to the density f luctuations, which
develop on different spatial scales, depending on the geometry of the electric fields that produce the PSOI. If
the PSOI is not too strong the electronic system is stable, but its collective excitations reveal the highly
unusual spin-charge structure and spectrum, which manifest themselves in the frequency dependence of the
dynamic conductivity.

DOI: 10.1134/S1063776122100041

1. INTRODUCTION
From the early days of relativistic quantum

mechanics it is known that the electrostatic Coulomb
potential is insufficient to describe the interaction
between electrons, and in the first quasi-relativistic
approximation the potential of the electron–electron
(e–e) interaction in addition to the purely Coulomb
component (r) contains a contribution that depends
on the spin of the electrons and on their momenta [1],

(1)

where (r) = ∇r (r) is the Coulomb field of e–e

interaction,  is the momentum operator of the ith
electron,  ≡ (σx, σy, σz) is the Pauli vector. This con-
tribution is usually referred to as the pair spin–orbit
interaction (PSOI). In vacuum its magnitude α =
e /4 is set by the square of the Compton length ,
that is relativistically small.

In crystalline solids the situation fundamentally
changes due to the features of the band spectrum,
which under certain conditions lead to an extremely

strong spin–orbit interaction that depends on the
electric field external to the crystalline one, including
the Coulomb field of interacting electrons. This typi-
cally occurs as a result of the combined effect of
momentum-dependent mixing of electron and hole
subbands split by intra-atomic spin–orbit interaction
and symmetry breaking created by the electric field
[2]. At present, the circle of these Rashba materials is
very wide and the SOI parameter reaches gigantic val-
ues [3, 4].

The Rashba constant α of the currently known
materials with giant SOI varies from 102 eÅ2 in InAs to
103 eÅ in such materials as Bi2Se3 [5], the monolayers
of BiSb [6], the oxide heterostructures and films [7].
In such materials, mainly two-dimensional ones, the
PSOI is described by the same Hamiltonian as of
Eq. (1), and for a sufficiently smooth potential (r)
the value of the α parameter is estimated at the level of
the Rashba constant in a given material.

A distinctive feature of the PSOI as compared to
the Coulomb interaction is that it is determined by the
electric field (r) ~ r–2, which grows faster than the
potential (r) ~ r–1 when we bring two electrons
closer together. Hence there appears a new character-
istic scale of r = , below which the PSOI prevails
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over the Coulomb interaction. This scale can be
large enough in modern heterostructures based on
LaAlO3/SrTiO3 [8, 9], in specifically crafted struc-
tures based on two-dimensional (2D) layers of van der
Waals materials with heavy adatoms [10, 11], etc.

Most importantly, several related scales due to the
competition of the PSOI and Coulomb interaction
arise in many-electron systems, regulated by the elec-
tron concentration, density of states, and a particular
geometry of the electric fields that generate the PSOI.
The dependence of the pair interaction on the geo-
metric configuration of the electric fields is not
uncommon, for example, in the physics of excitons in
thin films [12, 13], but here it is much more pro-
nounced as the PSOI is generated not by a scalar
potential, but by a vector field, which gives rise to
more possibilities.

Qualitatively new physical effects arise on these
spatial scales because the PSOI proves to be attractive
for a certain spin configuration of electrons tied to
their momenta. The attraction has a clear origin. The
PSOI due to the electric field of a given electron low-
ers down the energy of another electron, provided that
the latter is in a particular spin orientation relative to
its momentum. This effect gets stronger as the dis-
tance between electrons decreases, which means the
attraction arises between the electrons.

When the PSOI becomes larger than or compara-
ble with the Coulomb repulsion, a wide scope opens
up for many nontrivial effects both at the few-particle
level and collective phenomena in the systems of many
particles. First of all, it is obvious that the attractive
interaction of two electrons can lead to the formation
of a bound electron pair (BEP). There appears an
interesting problem of their binding energy and possi-
ble types of spin-charge structure. This is a highly
nontrivial issue, since the interaction is attractive only
for certain spin and momentum configurations.
Recent works in this direction [14–17] are discussed in
Section 2.

Section 3 is devoted to the problem of a many-par-
ticle correlated state formed owing to the PSOI. The
presence of the Coulomb interaction simultaneously
with the PSOI greatly complicates the problem, more-
over, the studies carried out to date [18, 19] show that
the sufficiently strong PSOI leads to an instability of
the homogeneous state of the system and therefore it is
necessary to find out the adequate stabilizing mecha-
nisms. At the present stage, studies were focused on
the collective excitations under conditions where the
PSOI is not too strong, but the system can approach
the instability threshold. In this way, the spectrum and
structure of the collective modes can be elucidated

and the spectral functions of electronic f luctuations
leading to the loss of stability be found. Such studies
were carried out for two specific situations of one-
dimensional (1D) and two-dimensional (2D) systems.

In 1D quantum wires, collective excitations have
been studied when the PSOI is produced by the image
charges on a nearby gate [18]. It was found that the
spectrum of collective modes contains two branches
with a mixed spin-charge structure, the composition
of which strongly depends on the magnitude of the
PSOI. Of most interest is the behavior of one of them,
which originates from the spinon branch in the
absence of the PSOI. As the PSOI parameter
increases, this mode strongly softens and ultimately
leads to the instability of the system in the long-wave-
length region of the spectrum. At the same time, its
structure changes continuously from purely spin-like
to purely plasmon-like.

In the direction of 2D systems, the situation of an
electron gas with respect to the plane mirror symmetry
was studied. In this case an unconventional correlated
electronic state is found to arise due to the PSOI. This
state is characterized by a sharp peak in the structure
factor, indicating a tendency to form a striped struc-
ture with a certain spatial scale set by the competition
between the Coulomb repulsion and the PSOI-
induced attraction of electrons. The system becomes
unstable on this scale if the density of electrons is
larger than critical [19]. Interestingly, the f luctuations
that grow rapidly as the system approaches the insta-
bility threshold consist mainly of the charge density
fluctuations, just like in the 1D case.

In what follows, we review the PSOI manifesta-
tions in low-dimensional electron systems studied to
date.

2. ELECTRON PAIRS BOUND 
BY THE SPIN–ORBIT INTERACTION

PSOI gives rise to a new mechanism of pairing of
purely electronic nature that stems simply from the
movement of electrons in certain spin configurations.

A generic 2D electron system to study the BEPs
appearing due to the PSOI can be viewed as a 2D layer
proximated by a metallic gate, as shown in Fig. 1.

The PSOI is created jointly by the in-plane Eτ(r)
and normal En(r) components of the electric field,
where r ≡ (x, y, 0) stands for the in-plane position. In
the two-particle basis  = {|↑↑), |↑↓, |↓↑), |↓↓} the
PSOI Hamiltonian is [20]
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with r ≡ r  – r  being the relative position of two elec- equation of motion for the corresponding spinor com-
1 2
trons, R ≡ (r1 + r2)/2 the barycenter position of the
electron pair, p = –i ∇r and P = –i ∇R the corre-
sponding momenta, p± = px ± ipy. Curly brackets
denote the anti-commutator.

Because of the translational invariance of the sys-
tem the two-electron wave-function represents a
product of two parts, one of which describes the free
motion of the center of mass, and the other describes
the relative motion of electrons within a pair,

(3)

It is important that the wave function of the relative
motion ψK(r), generally speaking, depends on the total
momentum K of the electron pair, since the binding
potential of Eq. (2) depends on K.

Of special interest is a particular case of symmetric
(nongated) 2D systems, because it allows for an exact
analytic solution. The symmetric 2D systems can be
realized as freely suspended 2D layers, which are cur-
rently in the focus of the immense experimental activ-
ity aimed at enhancing the e–e interaction [21]. In this
case the equations of motion for the spinor compo-
nents decouple, and we end up with two inherently
different types of BEPs.

The motion of an electron pair as a whole generates
a spin–orbit interaction, the magnitude of which is
proportional to the momentum of the center of mass
K. This is given by the last term on left hand side of the

� �
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Fig. 1. A 2D layer with a proximate gate. Each electron
experiences the electric fields from the neighboring elec-
trons, the polarization charges, and the total charge of the
gate.
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Equation for ψ↓↑ is similar with a sign change
before α. The total wave function, antisymmetric with
respect to electron interchange, represents a mixed
singlet–triplet state. The binding potential is anisotro-
pic, since the rotational symmetry in the plane is bro-
ken by the presence of a preferred direction along K.
Hence the wave function acquires a nontrivial angular
dependence, which for the case a purely Coulomb in-
plane field is of the form

(5)

where φ is the polar angle measured from the K direc-
tion, ce0(z, q) is the Mathieu function [22], the radial
part g(r) is given in [14], and the dimensionless Rashba
constant  = α/e  is normalized on the Bohr radius
aB in the material.

BEPs of this type arise as soon as the center-of-
mass momentum K exceeds a critical value. For this
reason this solution is called convective. Its spectrum
is illustrated in Fig. 2. The binding energy grows with
K so that the total energy of the pair starts to decrease
with K, which can even lead to the negative effective
mass of the BEP in a certain region of K.

On the other hand, two electrons can perform the
relative motion, rotating around a common barycen-
ter. This motion also gives rise to a PSOI, as described
by the last term on the left hand side of the equation of
motion for the corresponding spinor components,

(6)

and similarly for ψ↓↓, but with a sign change before α.
This gives rise to the relative BEPs, which appear in
degenerate pairs of triplet states formed by electrons
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Fig. 2. The energy level of the convective BEP (solid line)
and the kinetic energy of the center of mass (dashed line)
vs. KaB for  = 1.
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Fig. 3. The binding energy of the robust and tunable BEPs
as well as the continuum boundary vs. the gate field Eg nor-

malized at E0 = e/2 .
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with parallel spins locked to the angular momentum

direction,

(7)
and

(8)
In contrast to the convective BEPs, the barycenter

motion is fully decoupled from the relative motion of
electrons and hence has no impact on the structure
and spectrum of the relative BEPs.

The presence of the gate lifts the twofold spin
degeneracy of the relative BEPs. The interplay of the
in-plane Eτ(r) and normal En(r) electric fields leads to
a profound rearrangement of the bound states. In the
presence of both field components the relative motion
of electrons and the motion of their center of mass are
strongly coupled. The BEPs formation and structure
were investigated for a particular case of the electron
pairs with zero total momentum [16]. The degenerate
ground state splits into a pair of states with rather dif-
ferent properties.

There is a tunable state

(9)
whose binding energy grows with a gate voltage, with
its orbital and spin structure continuously changing.
At large negative gate voltage the tunable state gets into
the continuum of states and delocalizes.

There also appears a robust state

(10)
which does not change its orbital and spin structure
upon the change of the gate voltage. Its energy level
eventually gets in the conduction band for sufficiently
high gate voltage of any sign, where the robust state
remains bound and localized. In other words, a bound
state in continuum appears with a corresponding δ-
peak in the density of states. Figure 3 shows the energy

− φ
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levels of the robust state and tunable bound state plot-
ted against the normalized field of the gate [16].

Similar physical picture holds for the BEPs formed
in gated 1D quantum wires [15]. The binding energy of
the BEPs lie in the meV s range for materials with giant
Rashba effect. Most interestingly, they are tunable by
the gate voltage. However, huge values of the Rashba
constant of the material of the order of  ≈ 1 are nec-
essary in order for the BEPs to appear.

We emphasize that the SOI results from the hybrid-
ization of basic Bloch states with different spin config-
urations. For this reason the BEPs formed in a system
with extremely strong SOI should be, generally speak-
ing, studied in the frame of the multi-band model that
properly takes into account the hybridization of vari-
ous electron orbitals forming the BEP.

To demonstrate the formation of BEPs in multi-
band systems, two-body problem was solved within
the frame of the four-band model of Bernevig, Hughes
and Zhang [23] in the presence of the Rashba SOI
[24]. In this case, the BEPs arising due to the PSOI are
characterized only by the total angular momentum
along the normal direction, while the spin is not
defined [17]. Their energy depends on the gate electric
field F producing the Rashba SOI. Figure 4 shows the
ground-state energy of a BEP with the total angular
momentum l = 0 as a function of F. The energy level
lies in the gap of the two-particle spectrum which also
depends on F. Note the nonmonotonic dependence of
the BEP energy on the gate field, which strongly
affects the hybridization of the electron bands that
form the BEP.

α�
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Fig. 4. The BEP energy level as a function of the gate elec-
tric field F. The continuum boundaries are shown by the
dashed lines.
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3. CORRELATED ELECTRON STATE FORMED 
OWING TO THE PSOI

Of greatest interest are the effects due to the PSOI
arising in many-electron systems, which researchers
deal with in currently known low-dimensional materi-
als with a strong Rashba SOI. The presence of a large
number of electrons significantly affects the PSOI
interaction, since electron correlations play a funda-
mental role in the formation of the electric field that
determines the PSOI.

To be specific, we start with a 2D electron system
with the mirror symmetry with respect to the plane,
where the PSOI is generated by the in-plane Coulomb
field. In this case the PSOI Hamiltonian of Eq. (1)
takes the following form,

(11)

where : denotes the normal ordering, (r) is the den-
sity operator, and (r) is the paramagnetic part of the
spin current,

(12)

With the PSOI present, the effective e–e interac-
tion strength, defined by the ratio of the interaction
energy to the Fermi energy, is characterized by two
parameters instead of one. While for the Coulomb
interaction the interaction strength is characterized by
the parameter rs, which is the ratio of the inter-elec-
tron distance to the Bohr radius aB, the PSOI is
described by another parameter, /rs.

We emphasize that these two interaction parame-
ters exhibit different dependence on the parameters of
the electronic system. Thus, the PSOI parameter /rs
increases with the electron density, in contrast to the
Coulomb interaction parameter rs. The PSOI param-
eter exceeds rs at a sufficiently high density, n >

1/( ). In materials with a weak SOI, the critical
density nc = 1/( ) is unrealistically high, but in
materials with a strong SOI, the PSOI becomes signif-
icant and even dominant at a quite acceptable electron
density. Of course, this density cannot exceed a maxi-
mum value, which depends on the specific structure of
the material, but can be roughly estimated at the level
of 1014 cm–2.

The charge susceptibility calculated within the ran-
dom phase approximation (RPA) is equal to [19]
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σĵ

+ +
σ ς ς ς ς

ς
= ς ψ ∇ ψ − ∇ ψ ψ�ˆ ˆ ˆ ˆ ˆ( ) [ ( ) ( ) ( ( )) ( )].

2
ie

m r rj r r r r r

α�

Coul PSOI

int

kin

Interaction parameter

s
sE

H
E r

H

r
α�

α�

α� 2
Ba

α� 2
Ba
JOURNAL OF EXPERIMENTAL AND THEORETICAL PH
(13)

Here χ0(q, ω) stands for usual 2D Lindhard suscep-
tibility [25]. The effect of the PSOI is described by the
dynamic local field correction

(14)

which is related to the spin-current susceptibility

(15)

with ν± =  ± , and Nσ =  being the den-

sity of states at the Fermi-surface.
The static structure factor S(q), related to the sus-

ceptibility of Eq. (13), has a singularity at a critical
value of the rs = ,

(16)

As we approach the critical value rs →  + 0, the
spectral weight is being transferred to the long-wave-
length part of the spectrum, with the sharp peak
formed in S(q) at the critical value qc of the wave-vec-
tor, equal to

(17)
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Fig. 5. The structure factor S(q) as a function of q for two
values of the rs parameter. The Rashba constant is  = 0.1,
which corresponds to  = 0.3.
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Fig. 6. The imaginary part of the frequency of a new solu-
tion of the dispersion equation due to the PSOI as a func-
tion of wave vector. The dispersion line is shown for three
values of rs to trace how the instability develops in the sys-
tem with increasing the PSOI interaction parameter of
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This behavior, illustrated by Fig. 5, indicates the
appearance of strong electron correlations due to the
PSOI on a new spatial scale l =  set by the compe-
tition between the PSOI-induced attraction of elec-
trons and their Coulomb repulsion. For typical values
of the SOI parameter  ≪ 1 found in Rashba materi-
als, the critical value qc ∝ kF lies in the long-wave
part of the spectrum, whereas qc → kF when the
PSOI is extremely strong.

It is interesting that at rs ≤  a new solution of the
dispersion equation for the collective modes arises due
to the PSOI. The solution exists in a finite band of
wave vectors around qc, the width of which grows with

/rs. The spectrum of this branch of solution is plotted
in Fig. 6.

The frequency of the solution is purely imaginary,
which means that the electron density f luctuations are
exponentially growing with time. In other words, the
spatially uniform paramagnetic state of the electron
system becomes unstable with respect to the charge
density f luctuations. This indicates a tendency for the
formation of a striped structure on the qc scale. A spe-
cific type of the electron state corresponding to the
true energy minimum should be found within more
advanced approaches that allow one to adequately take
into account the nonlinear processes.

The other system where the PSOI is created by the
normal component of the electric field of the e–e
interaction demonstrates a different scenario of the
instability, which also appears at a large parameter of
the Rashba SOI. The system is a 1D quantum wire
with a nearby gate on which the interacting electrons
induce the image charges. In this case the normal elec-
tric field of the image charges is the only source of the
PSOI, which strongly affects the collective excitations.

In a usual 1D system with the Coulomb e–e inter-
action the collective excitations are known to be plas-

−1
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2

*sr
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mons and spinons, which are separated according to a
fundamental property of the Tomonaga–Luttinger
liquid [26].

The plasmon velocity is renormalized by the Cou-
lomb repulsion, which increases the system stiffness,
whereas the speed of spinons is practically indepen-
dent of the Coulomb interaction.

The theory of the collective excitations with the
PSOI generated by the image charges was developed
using two approaches: the bosonization [18, 27] and
RPA [18, 28], which led to close results.

The collective excitation spectrum has two
branches, the frequencies ω± of which are

(18)

with the Fermi velocity  = kF/m, the PSOI interac-
tion parameter  = /(πrs), the Fourier-transformed
Coulomb interaction U(q) = 2(e2/ ) (K0(qd) – K0(qa))
and normal field E(q) = 2(e/ )|q|K1(|q|a) normalized
according to  = U(q)/(π ) and  = E(q)/(en0);
d is the quantum wire diameter, a/2 is the separation
between the wire and the gate, n0 is the mean electron
density. The electric field F = E(0) + 4πng/  produced
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Fig. 7. The real ( ) and imaginary ( ) parts of the fre-
quency of the collective mode as a function of the wave
vector for several values of the PSOI constant. The fre-
quency is normalized to ω0 = kF.
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by electron’s own image and the total charge ng of the

gate is normalized as  = F/(e ).
The main effect that the PSOI produces is with the

mode ω–. Figure 7 allows one to trace its behavior as
α* grows. The mode velocity goes down to zero at the
critical value of PSOI amplitude, which equals

(19)

For  > αc the mode frequency becomes imagi-
nary, which is a sign of the system instability with
respect to the long-wave density f luctuations. Again,
the instability develops in the charge sector of the sys-
tem, which can be seen from the charge stiffness

(20)

going to zero at  = αc(0).
Another effect of the PSOI in 1D electron systems

is that it violates the spin-charge separation. The spin
and charge degrees of freedom of the collective exci-
tations become intertwined [18, 27, 28]. The spin-
charge composition of the collective mode can be
characterized by a spin-charge separation parameter
ξ, essentially defined as the degree of the spin polar-
ization in the mode

(21)

where we introduced the mode phase velocity  =
ω±/q .

At  = 0 we have ξ– = 0, that is ω– corresponds to
a purely spinon excitation (n↑ = –n↓) with the energy
dispersion ω– = q not affected by the interactions.
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The mode velocity (q) → 0 turns to zero in the long-
wavelength region of the spectrum as  → αc(q),
whereas the spin-charge separation parameter ξ– → ∞
diverges. In other words, the collective mode ω– turns
into a purely plasmon excitation (n↑ = n↓) at the insta-
bility threshold  = αc(q). The evolution of the spin-
charge structure of the mode with the change in  is
traced in Fig. 8.

The presence of the PSOI makes it possible to con-
trol both  and ξ± via the gate electric field  by tuning
the gate potential. In particular,  → 0 as  grows, that
is the corresponding mode softens. Without PSOI, the
gate voltage has no effect on the excitation velocities nor
does it violate the spin-charge separation between the
modes, because the one-body Rashba SOI produced by
the gate field can be completely eliminated in 1D by a
unitary transformation [29].

The violation of the spin–orbit separation results in
electron transport features that can be observed to reveal
the PSOI effects from purely electrical measurements.
Since both spin-charge-mixed modes of a system with
broken spin-charge separation convey the electric
charge, both contribute to the electric response of the
system. Thus, the dynamic admittance of the 1D quan-
tum wire coupled to leads has features due to presence of
the both types of the collective excitation in contrast to
the system with purely Coulomb interaction.

The quantum wire admittance was found to be [27]

(22)
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Fig. 9. The real (solid line) and imaginary (dashed line)
admittance components vs. frequency.

100 20 30 40 50 60
�


�0.5

0.5

1.0
G/G0
Here the conductance quantum is G0 = 2e2/h, the
characteristic transit time is τ = L/ , with L being the
wire length.

Two terms on the right hand side of the Eq. (22)
reflect the contributions of each of the collective
modes. The frequency dependence of Gω plotted in
Fig. 9 features a specific double-periodic oscillatory
pattern, corresponding to the Fabry–Pérot reso-
nances at the wire length. Two distinct characteristic
frequencies result from different transit times of the
slow and fast collective modes. Both mode velocities,
renormalized by the PSOI, could be extracted from
the measurements of the characteristic oscillations of
the admittance using the methods of [30].

4. CONCLUSION AND OUTLOOK
The pair spin–orbit interaction between the elec-

trons, which is usually considered relativistically weak,
becomes extremely strong in modern materials with a
strong Rashba spin–orbit interaction. The giant PSOI
in Rashba materials is of slightly different nature as
compared to that known in relativistic quantum
mechanics, although it certainly has a relativistic ori-
gin. It arises because of the Rashba effect—the com-
bined effect of the momentum-dependent hybridiza-
tion of the electron subband with other subbands split
due to the intra-atomic spin–orbit interaction, and
the inversion symmetry breaking produced by an elec-
trical field, in this case, the Coulomb field of interact-
ing electrons.

PSOI has two main features:
– PSOI leads to the attraction of electrons for cer-

tain configurations of the spins relative to their
momenta;

– the magnitude of the PSOI is determined by the
electric field of the interacting electrons and hence
increases with decreasing distance between them
much faster than the interaction potential.

Owing to these features, strong PSOI opens up
wide prospects for the appearance of many nontrivial

Fv
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effects due to the formation of new strongly correlated
states of electrons, which are still very poorly under-
stood. According to the studies conducted to date,
such effects are manifested for sufficiently strong
Rashba SOI, which is apparently attained in the
already available materials. Because of the impressive
progress in the creation of new low-dimensional
materials with a giant SOI, theoretical studies of such
states are very important.

Nontrivial effects arise at the level of systems with
few particles, as well as in many-particle systems.

PSOI leads to the formation of bound pairs of elec-
trons with various properties, depending on the
screening conditions and the presence of the SOI
induced by the gate potential. An attractive feature of
such states is the possibility to achieve a high binding
energy of the pairs and to control their spectrum.
Prospects for further research in this direction are
associated primarily with the investigation of the sta-
bility of such pairs with respect to the interaction with
other electrons and to the formation of more complex
electron aggregations.

In many-particle systems the PSOI, even if not
very strong, dramatically affects the spectra of the col-
lective excitations and their spin-charge structure. Of
particular interest is the softening of the collective
modes due to the attraction between the electrons in
certain spin configurations, which is produced by the
PSOI and is accompanied by a rearrangement of the
structure of electron correlations. Such studies for 2D
systems at the current stage reveal a lot of interesting
things. But of most importance is the fact that at a suf-
ficiently strong PSOI the uniform state of a many-
electron system becomes unstable. The structure of
growing f luctuations indicates a tendency towards the
formation of an inhomogeneous stripe phase. The
search for the stabilization mechanisms and possible
structures of the stable state is an open question most
promising for further research.
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