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• Dynamics of coupled generators of quasiperiodic oscillations is investigated.
• Different types of synchronization are observed: complete, phase and broadband synchronization.
• The complex picture of the multi-frequency quasiperiodic oscillations including the Arnold resonance web is revealed.
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a b s t r a c t

A problem of synchronization of quasiperiodic oscillations is discussed in application to an example
of coupled systems with autonomous quasiperiodic dynamics. Charts of Lyapunov exponents are
presented that reveal characteristic domains on the parameter plane such as oscillator death, com-
plete synchronization, phase synchronization of quasiperiodic oscillations, broadband synchronization,
broadband quasiperiodicity. Features of each kind of dynamical behavior are discussed. Analysis
of corresponding bifurcations is presented, including quasiperiodic Hopf bifurcations, saddle–node
bifurcations of invariant tori of different dimensions, and bifurcations of torus doublings. Both the
case of dominance of quasiperiodic oscillations in one of the generators and the case of pronounced
periodic resonances embedded in the region of quasiperiodicity are considered.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Nowadays, many examples of generators of periodic and
chaotic oscillations are known [1–22]. Generators of periodic
oscillations have become classic examples in nonlinear science
and are widely used in applications. Chaos generators are of
interest in such areas as information and communication sys-
tems [6,7], electronic countermeasure systems [8] and noise
radar [9], generation of random numbers [10,11], cryptographic
applications [12]. Despite a large number of known examples,
more and more variants of chaos generators are proposed (see,
for instance, [20–22]).

At the same time, there are a few examples of low-dimensional
autonomous generators demonstrating quasiperiodic oscillations1
[23–28]. Quasiperiodic oscillations occupy in a sense an interme-
diate position between periodic and chaotic oscillations.

∗ Corresponding author at: Yuri Gagarin State Technical University of Saratov,
Politehnicheskaya 77, Saratov, 410054, Russian Federation.

E-mail address: stankevichnv@mail.ru (N.V. Stankevich).
1 Here we talk specifically on autonomous systems; the non-autonomous

systems and coupled systems form another class and are much more common.

Quasiperiodic oscillations can be characterized by a number of
incommensurate basic frequencies, so that one can talk of two-,
three-, four-frequency quasiperiodicity etc. In phase space of a
dynamical system the multi-frequency quasiperiodicity corre-
sponds to invariant tori of respective dimensions.

Quasiperiodic oscillations attract attention of researchers since
they greatly enrich the fundamental concepts concerning dy-
namics of self-oscillating systems. Such phenomena as forced
synchronization of quasiperiodic oscillations [29–32], bifurcations
of invariant tori [33–35], Arnold resonance web [34,36], self-
organizing quasiperiodicity [37–39], occurrence of the Landau–
Hopf scenario [40], quasiperiodicity with different number of in-
commensurate frequencies for coupled subsystems with chaotic
dynamics [41], were revealed and studied. Of particular inter-
est are problems of quasiperiodicity of different dimensions in
coupled discrete-time systems (maps) [42–45].

In this context, the problem of interaction of quasiperiodic
generators looks as a logical continuation of studies undertaken in
Refs. [46,47] devoted to a four-dimensional modified Anishchenko–
Astakhov’s generator. Some significant results were obtained,
although only cases of small frequency detuning and of small
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coupling strength were examined, and a two-parametric analysis
was missed. Note that two-parameter analysis for such tasks is
important and informative, since it allows visualizing areas of
various types of dynamics in the system parameter space, which
can be quite diverse and nontrivial.

Besides purely theoretical interest, it is worth noting preva-
lence of quasiperiodic dynamics and associated phenomena in
engineering, for example, in optoelectronics and lasers [24,48,49],
magnetic films [50–53], klystron generators [54,55] etc. In a re-
cent paper [56] some features of formation of bursting dynamics
in a single neuron model via torus break-down was described.
Fundamental aspects of synchronization of quasiperiodic oscilla-
tions are important not only for the theory of oscillations, but also
for applications, say, for analyzing interaction of optoelectronic
systems, laser systems, and so on. In Ref. [57] some particular
questions of synchronization of semiconductor lasers were con-
sidered although the authors did not touch on all relevant aspects.
In the paper [58] considering the problem of synchronization of
quasiperiodic oscillations in an experiment with a thermoacous-
tic system the authors get only a small part of the picture of
synchronization of quasiperiodic oscillations, namely, the phase
synchronization. Also, in the context of neuron models it is im-
portant to take into consideration the quasiperiodic dynamics,
and different effects connected with it.

For analysis of general picture of synchronization the most
appropriate is using as a base a simple model with minimal
dimension of the phase space, which would allow a good physi-
cal interpretation, and manifest interesting dynamics, reach and
rough enough in respect to variations of parameters.

In [27] a three-dimensional system generating quasiperiodic
oscillations was proposed, and occurrence of autonomous
quasiperiodic dynamics in wide parameter ranges was demon-
strated. A disadvantage of this model is a specific feature —
absence of an equilibrium state, which suggests some limitations
in its physical applications.

In the present work, investigating the coupled generators of
quasiperiodic oscillations, we prefer to turn to another basic ele-
ment, namely, the modification of the generator proposed in [28],
which possesses an equilibrium state. The dynamics of coupled
systems of such kind have many aspects that deserve deep and
careful consideration. Say, parameters of the first subsystem may
be chosen to provide quasiperiodic oscillations, while those of
the second subsystem may correspond to a basic limit cycle,
or quasiperiodic oscillations occurring on its base, or resonance
limit cycles on respective invariant torus. Features of dynamics
of coupled oscillators should be considered naturally depending
on the coupling strength and detuning of the basic frequencies
of the subsystems. These questions are addressed in the present
paper.

2. Dynamics of generator of quasiperiodic oscillations with a
single equilibrium state

In [28] a generator of autonomous quasiperiodic oscillations
was proposed described by the equations

ẍ − (λ + z + x2 − βx4)ẋ + ω2
0x = 0,

ż = b(ε − z) − kẋ2. (1)

The model (1) in accordance with [59] is a particular example
of an oscillator with inertial self-excitation, concretely, a self-
oscillator with hard excitation, in which the supply circuit is
inertial, with some characteristic time. The model (1) is a three-
dimensional dynamical system, where x, y = ẋ, z are the state
variables. The parameter ε characterizes supply of energy from
the power source, the parameter b is a characteristic of inertial

properties of the supply circuit. A term containing the coeffi-
cient k is responsible for determination of energy level in the
self-oscillator. The model (1) has one equilibrium state:

x0 = 0, y0 = 0, z0 = ε. (2)

Using standard methods, it is not difficult to show that the equi-
librium state can undergo the Andronov–Hopf bifurcation of the
birth of limit cycle at the condition

λ = −ε. (3)

Fig. 1 shows charts of Lyapunov exponents of the system (1)
on a plane of the basic frequency vs the parameter responsible
for the Andronov–Hopf bifurcation (ω0, λ), with other parameters
fixed: ε = 4, b = 1, k = 0.02. The parameters are chosen in
such way that quasiperiodic oscillations can be observed stable
to variations of other parameters. Two values β = 1/18 (a) and
β = 1/25 (b) are considered. The legend is shown as rectangles
stained in respective colors. Details of interpretation of dynamical
behaviors basing on the computations of Lyapunov exponents see
in the Appendix.

On the charts, one can see the Andronov–Hopf bifurcation
line (3), which is the boundary between the domains E and P,
and which corresponds to the equality λ = −4 for the chosen
parameter values. In the domain of existence of the basic limit
cycle P, a sufficiently wide tongue of autonomous quasiperiodic
oscillations T is embedded, and tongues of periodic regimes are
observed within this domain of quasiperiodicity. At β = 1/18,
these tongues are very narrow, and in the chart of Fig. 1a they are
practically indistinguishable. At β = 1/25 the tongues are much
more pronounced. They correspond to resonant cycles of different
periods on the invariant torus. The numbers in the diagram Fig. 1b
indicate periods of several cycles defined for the corresponding
Poincaré map. Fig. 1 also presents phase portraits of the basic
limit cycle in the domain P (Fig. 1c), the invariant torus in the
domain T (Fig. 1d), and the resonance cycles on the torus with
period 7 (Fig. 1e) and 4 (Fig. 1f). Note that for a cycle of period
4, a pair of cycles simultaneously coexist within the tongue,
symmetric to each other in the phase space in accordance with
the replacement of the variables (x → −x, y → −y, z → z), while
the cycle of period 7 has inner symmetry. Features of dynamics in
a similar generator with such kind of symmetry were described
in [60].

3. Dynamics of coupled generators. Different types of synchro-
nization

A classical case of synchronization is the frequency adjustment
of interacting self-oscillatory systems [61]. To study synchroniza-
tion between quasiperiodic oscillators we will consider dynamics
of two dissipatively coupled generators (1) governed by equations

ẍ1 − (λ1 + z1 + x21 − βx41)ẋ1 + ω2
0x1 + MC (ẋ1 − ẋ2) = 0,

ż1 = b(ε − z1) − kẋ21,
ẍ2 − (λ2 + z2 + x22 − βx42)ẋ2 + (ω0 + ∆)2x2 + MC (ẋ2 − ẋ1) = 0,
ż2 = b(ε − z2) − kẋ22,

(4)

where x1, z1 are variables relating to the first subsystem, and x2,
z2 are variables of the second subsystem, ∆ is parameter of the
frequency detuning, MC is a coefficient of dissipative coupling.
Also, we will use further the variables y1 = ẋ1, y2 = ẋ2.

First of all, let us discuss a choice of parameters of the individ-
ual generators and start with the case β = 1/18. Fig. 1a allows
choosing the regime of the first individual oscillator correspond-
ing to quasiperiodic oscillations T, for example, λ = −1 and ω0 =
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Fig. 1. Charts of Lyapunov exponents for the model generator of quasiperiodic oscillations (1), ε = 4, b = 1, k = 0.02. Parameters β = 1/18 (a) and β = 1/25 (b). In
the legend E designates stable equilibrium state, P designates periodic oscillations, T relates to two-frequency quasiperiodic oscillations, and C to chaotic oscillations.
The characteristic phase portraits of the model (1) for β = 1/25 and λ = 1.4, (c) ω0 = π , the base cycle of period-1; (d) ω0 = 2π , a torus; (e) ω0 = 7.79, the
resonant cycle of period-7; (f) ω0 = 8.64, a pair of symmetric resonant cycles of period-4.

2π (the black point in Fig. 1a). Herewith, the frequency of the
second generator is equal to ω02 = 2π+∆. If λ2 = λ1 = −1 then,
in accordance with Fig. 1a, variation of the frequency detuning
∆ (the motion in the parameter plane along the horizontal line
in the direction of the arrow in Fig. 1 a) in the region ∆ >

0 leaves predominantly the dynamics of the second generator
quasiperiodic. When the value ∆0 ≈ 2.17 is reached, the periodic
regime corresponding to the basic limit cycle is realized. Thus,
varying the frequency detuning, one can observe both a case of
interaction of two generators in a quasiperiodic regime, and a
case of a periodic regime in one of them.

Note that the picture depends on relation of the control pa-
rameters of the subsystems λ1 and λ2. We consider three cases:
λ1 = λ2, λ1 < λ2 and λ1 > λ2, leaving the parameter of the first
generator fixed.

To illustrate the dynamics of coupled generators, as the main
tool we will use again the charts of Lyapunov exponents, like it
was done for the individual autonomous generator. The legend
establishing the correspondence between colors on the charts and
the letter symbols is shown in Fig. 2 to the right. Classification of
the regimes is explained in the Appendix.

Fig. 2 shows the charts of Lyapunov exponents in the parame-
ter plane of the frequency detuning vs the coupling strength (∆,
MC ) for the system (4) at λ1 = −1 and λ2 = −1, −0.5, −1.5
(panels a, b, c, respectively). In the first chart (panel a), the arrow
indicates the detuning value that corresponds to the transition
of the second individual generator from the quasiperiodic regime
to periodic self-oscillations in accordance with the chart of the
individual generator of Fig. 1a.

Let us start the discussion with the case of a large coupling
strength, MC > 3 in Fig. 2a. In this case, as seen from Fig. 2a,
with decrease of the frequency detuning ∆, three main types of
regimes are observed: the stable equilibrium, the periodic regime,
and the two-frequency quasiperiodic oscillations. Let us consider
them in more detail.

Regime of oscillator death. Domain OD on the parameter
plane (∆, MC ) corresponds to stable equilibriums (2) in both
generators. In accordance with the terminology [61], this is do-
main of the oscillator death (OD). As known, for two periodic
oscillators, the oscillator death is observed at sufficiently large
coupling strength and frequency detuning [61]. In our case, a
similar situation occurs. However, now in the first generator
in the case of absence of coupling we have the quasiperiodic
oscillations. Taking into account also results from [61–63], we
can deduce that effect of oscillator death shown here is a general
feature for a wide class of oscillations in dynamical systems.

Complete Synchronization. Domain P on the parameter plane
(∆, MC ) having a tongue-like form corresponds to a regime of
complete synchronization of two subsystems. Under complete
synchronization we mean the transition to periodic oscillations
determined as an exact coincidence of the points in the Poincaré
section through each period. In accordance with [61], such transi-
tion is associated with suppression of the oscillations in the sub-
systems due to the strong coupling. The second generator with-
out coupling could demonstrate here periodic or quasiperiodic
regimes, but they are suppressed by the dissipative coupling.

Regime of Synchronous Quasiperiodicity. With decreasing
frequency detuning ∆ the system comes to a domain of two-
frequency quasiperiodic oscillations (SC). In this case, the phases
of the generators are mutually locked.
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Fig. 2. Charts of Lyapunov exponents in the parameter plane (∆, MC ) for coupled
quasiperiodic generators (4) for ε = 4, b = 1, k = 0.02, β = 1/18. Values of
control parameters are λ1 = −1; (a) λ2 = −1, (b) λ2 = −0.5, (c) λ2 = −1.5. OD
is domain of oscillator death, P is periodic regime, SC is domain of synchronous
quasiperiodicity, BQ is domain of broadband quasiperiodicity, BS is domain of
broadband synchronization, QH is line of quasiperiodic Hopf bifurcation.

Fig. 3 a and b show examples of two phase portraits of gen-
erators in projections onto (x, y) and (x, z) planes in the regime
of synchronous quasiperiodicity. Observe that the phase portraits
of the first and the second generator look very similar, which is
a consequence of the synchronization. In Fig. 3c time series for
those attractors are shown. As one can see, time series relating
to both subsystems are also very close. For both generators, the
phase trajectories on the (x, y) plane do not visit a neighborhood
of equilibrium in the origin. Thus, the phases of the generators
can be well defined as

ϕi = arctan(
yi
xi
). (5)

In Fig. 3d and e the time dependence of the phase difference of
the generators (ϕ1 − ϕ2) and the phase diagram on the plane
(ϕ1, ϕ2) are shown for this type of regime. These illustrations
also demonstrate the phase synchronization of oscillations, which
remain quasiperiodic.

For the coupled generators with well-defined phases, it is
possible to determine the winding number w, as a ratio of the
phase variation for projections of the phase trajectories on the
plane (x, y) for each generator:

w = lim
t→∞

Nx1

Nx2
, (6)

where Nx1 and Nx2 are numbers of intersections of the hypersur-
faces x1 = 0 and x2 = 0 by the phase trajectories, respectively. A
calculation for the domain SC gives the value w = 1, which corre-
sponds to exact synchronization of the phases of the generators.
Thus, this regime can be called the synchronous quasiperiodicity
(SC on the charts in Fig. 2). Note that for the domain of complete
synchronization (P) the winding number is of the same value,
w = 1.

Broadband Quasiperiodicity2 and Broadband Synchroniza-
tion. Let us decrease the value of the coupling parameter to
2 < MC < 3 and look at Fig. 2a. In this case, the synchronous
quasiperiodicity and complete synchronization persist, but for
large frequency detunings a new regime arises. In the parameter
plane, it corresponds to a region of two-frequency quasiperi-
odicity. The respective domain in the parameter plane looks
like a band of finite width in the coupling parameter and un-
bounded along the axis of frequency detuning. Such configuration
allows us to interpret this domain as region of the broadband
quasiperiodicity and denote it by BQ in Fig. 2.

In Fig. 2a, at decreasing coupling strength MC , the two-
frequency oscillations appear as an immediate behavior in the
course of transition from the regime of oscillator death. There
is certain degeneracy here (we discuss the corresponding bifur-
cations below). The degeneracy is removed as we set λ1 ̸= λ2.
This case is illustrated in Fig. 2b and c. One can see that between
the regions of oscillator death (OD) and the broadband quasiperi-
odicity (BQ), a band of periodic regime appears adjacent to the
complete synchronization tongue. Similar regimes were observed
and described for coupled van der Pol oscillators non-identical
in the control parameter [64]. In that case, the term broadband
synchronization was proposed in [64]. The corresponding domain
in Fig. 2b is marked as BS. By analogy with [65], the dynamical
behavior in the BQ region adjacent to it can be defined as partial
broadband synchronization.

Fig. 4 shows phase portraits observed as frequency detuning
∆ increases as we move into the BQ region on the parame-
ter plane for the case of identical oscillators. The phenomenon
of broadband synchronization is associated with a difference in
the dynamics of coupled subsystems. For instance, in the tradi-
tional system of coupled self-oscillators, a necessary condition
for broadband synchronization is presence of the nonidentity in
the excitation parameters of the oscillators [64]. For our system,
we observe similar features. In the area of phase synchroniza-
tion, or synchronous quasiperiodicity (SC), the attractors of each
subsystem have the same size (we mean equal amplitude of oscil-
lations for dynamical variables) (Fig. 3a). At the transition to the
region of broadband quasiperiodicity, the oscillation amplitudes
of the subsystems become different; this is most noticeable in the
dynamics of the variables z1 and z2. With increasing frequency
detuning, projection of the attractor of the second generator is
compressed and tends to the equilibrium state, i.e. to the plane
(x2, y2, z2) = (0, 0, ε). Furthermore, it can be seen that with
increasing ∆, the phase trajectory of the first generator starts
to visit a neighborhood of the origin, and the phase of the first
generator becomes uncertain. Therefore, here we cannot speak
of phase synchronization. At the same time, there are successive
metamorphoses of tori, for example, appearance of a doubled
torus (Fig. 4a, b) (below we describe it in detail, see Figs. 13–15
in Sect.4); emergence of a torus with a ‘‘band’’ structure (Fig. 4c);
emergence of a so called multi-layered torus [66]. Note, a feature
of Fig. 4: the first generator dominates under the second one, as
can bee seen from the phase portraits. The dominance of one of
the coupled subsystems is usually an attribute of the broadband
synchronization regimes [64,65].

As broadband synchronization is associated with suppression
of the own dynamics of one oscillator by another one, thus the
study of the spectral characteristics of the subsystems and cou-
pled systems is of interest. Fig. 5 presents the Fourier spectra for
the first and the second subsystem (panels a and b, respectively)

2 In order to escape misunderstanding we would like to emphasize, that in
this case the term broadband quasiperiodicity is related to broadband synchro-
nization in accordance to [54,55,64,65]. Regime of broadband quasiperiodicity
does not mean quasiperiodic oscillations with broadband spectrum.
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Fig. 3. Projections of the phase portrait of the first and second generators (a), (b); time series (c); dependence of the phase difference of the generators on time (d)
and phase diagram (e) in the domain of synchronous quasiperiodicity. ∆ = 0.5, MC = 2.5, ε = 4, b = 1, k = 0.02, λ1 = λ2 = −1, β = 1/18, ω0 = 2π .

and for coupled oscillators (panel c, black line is spectrum for
x1 variable, and red line is spectrum for x2 variable). As seen
from Fig. 5, the Fourier spectrum of the first oscillator has a
typical form of two-frequency quasiperiodicity: it contains a main
peak (in the vicinity of the frequency 1 Hz) and satellite peaks
corresponding to the combination frequencies with the second
frequency component. Fig. 5b shows the spectrum for the sec-
ond subsystem; there is only one main peak strongly shifted
towards higher frequencies, which corresponds to periodic self-
oscillations. In Fourier spectra of both oscillators (Fig. 5c) the
same frequency components present. In the spectrum for variable
of the first generator x1 the maximum is located in the vicinity of
1 Hz and it corresponds to the main peak of the first subsystem
(Fig. 5a). The spectrum for the variable the second generator x2
has maximum at frequency near the fundamental frequency of
the second oscillator (Fig. 5b).

Arnold resonance web. At the decreasing coupling strength
MC in Fig. 2, a ‘‘web’’ is observed that is constituted by thin
domains of two-frequency quasiperiodic regimes. At their inter-
section, islands of periodic regimes take place, and the whole
structure is embedded in the region of three-frequency quasiperi-
odicity. Fig. 6 shows a zoomed fragment of the corresponding area
in the parameter plane. Similar structures are characteristic for
multifrequency regimes and are defined in [33,35] as the Arnold
resonance web. It is clearly seen in Fig. 2a that such a picture
arises when ∆ > ∆0, in the case of quasiperiodic oscillations
in the first oscillator, and periodic oscillations in the second
oscillator without coupling.

Tongues of quasiperiodic regimes with invariant tori of
high dimension. At a small coupling strength in the region ∆ <

∆0, the four-frequency quasiperiodicity regime T4 is observed,
see Fig. 7. In this area three-frequency tongues are embedded;
at a small coupling strength these tongues look similar to the
traditional Arnold tongues.

In Fig. 7, one can see that for ∆ > ∆0 and for a small
coupling strength regimes of the three-frequency quasiperiodicity
T3 are observed. The reason is simple: in accordance with Fig. 1a
the second generator without coupling demonstrates periodic
self-oscillations, the limit cycle.

Fig. 8 shows another zoomed fragment of the Lyapunov chart
in the region to the left to the point ∆0. It demonstrates two
tongues of three-dimensional tori embedded into the domain
of four-frequency quasiperiodicity. The tips of the tongues are
located on the abscissa axis at points ∆1 and ∆2. As the coupling
parameter increases, these tongues become wider and overlap,
and the region of the overlap corresponds to occurrence of the
two-frequency torus in a domain, which also has a tongue-like

form. This tongue has a tip at the point Q, which corresponds to
a certain threshold in terms of the coupling strength. The features
of the picture from the point of view of quasiperiodic bifurcations
will be discussed below.

4. Bifurcations of periodic and quasiperiodic regimes

Let us discuss several bifurcations, which are observed in the
considered system. For model (1), as well as in other models
with quasiperiodic dynamics, it is natural to analyze bifurcations
of a steady state, limit cycles and tori attractors (quasiperiodic
oscillations). For the two first ones bifurcation analysis is a stan-
dard procedure and can be performed with conventional software
packages, for instance, XPP AUTO [67], and we will show these re-
sults in the next subsection. Bifurcation analysis of quasiperiodic
oscillations is not trivial procedure. In accordance with [33,68,69]
three types of quasiperiodic bifurcations can be distinguished:
(i) quasiperiodic Hopf bifurcation; (ii) saddle–node quasiperiodic
bifurcation; (iii) quasiperiodic period-doubling bifurcation. The
last is also called a bifurcation of torus doubling. Further we
will consider all these cases. Methods, which we will use for
bifurcational analysis are described in the Appendix.

Regime of complete synchronization. In Fig. 9 bifurcation
lines, bounding a domain of complete synchronization, are shown.
These lines were obtained using software package of numerical
bifurcation analysis XPP AUTO [67]. In Fig. 9 the lines of Neimark–
Sacker bifurcations are depicted by green lines (NS) and the lines
of Andronov–Hopf bifurcations are shown by blue lines (AH).

For all three cases of Fig. 9, the left boundary of the tongue
of complete synchronization corresponds to the Neimark–Sacker
bifurcation, as a result of which the limit cycle becomes unstable,
and a two-frequency torus appears. In the case of identical control
parameters (Fig. 9a) the right boundary of the tongue for a small
coupling strength is also a Neimark–Sacker bifurcation line. This
line ends at the point p2 (3.034, 2.978) on the parameter plane (∆,
MC ), coming to the line of Andronov–Hopf bifurcation at MC = 3.
For large values of the coupling strength, the boundary of the
complete synchronization tongue is the Andronov–Hopf bifurca-
tion, as a result of which the equilibrium state loses stability, and
a stable limit cycle appears.

As discussed in Section 3, the case of identical parameters λ is
a kind of degeneracy. In this case, the Andronov–Hopf bifurcation
line bumps into the Neimark–Sacker bifurcation line at the point
p2, forming a sharp angle. The condition of Andronov–Hopf bifur-
cation in each oscillator without coupling is given by Eq. (3). The
term responsible for the coupling of the oscillators also introduces
dissipation in the system. In the case of identical parameters
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Fig. 4. Phase portraits of two generators in the region of the broadband quasiperiodicity; MC = 2.5, ε = 4, b = 1, k = 0.02, λ1 = λ2 = −1, β = 1/18, ω0 = 2π ; (a)
∆ = 2.58; (b) ∆ = 2.7; (c) ∆ = 2.76; (d) ∆ = 2.78; (e) ∆ = 2.79; (f) ∆ = 2.81.

λ, the stabilization of equilibria in the subsystems occurs si-
multaneously. Thus, the lower boundary of the Andronov–Hopf
bifurcation line is determined by the equation MOD

C = ε + λ =

3, which is in a good agreement with the charts of Lyapunov
exponents. When the coupling strength is less than MOD a two-
frequency torus occurs for the identical oscillators. Fig. 10 shows
the dependence of the largest four Lyapunov exponents on the
coupling parameter; one can see in this case for MC < 3 that all
four exponents are negative. At the Andronov–Hopf bifurcation,
the largest four exponents become zero, it means that there is a

degeneration of the bifurcation. In Figs. 9a and 10, the degenerate
Andronov–Hopf bifurcation is denoted as dAH. With further de-
crease of the parameter, the largest two exponents remain zero,
while the other two become negative.

In Fig. 9b and c the bifurcation lines are shown also for the
cases of non-identical parameters λ, i.e. when the degeneracy is
removed. In the case when λ1 < λ2 there are two bifurcation
lines on the parameter plane (Fig. 9b): the Andronov–Hopf bifur-
cation line (AH) and the Neimark–Sacker bifurcation line (NS). In
this case, the Andronov–Hopf bifurcation line is continuous and
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Fig. 5. Fourier spectrums of the first (a), the second subsystems (b) and coupled generators (c) in the region of the broadband quasiperiodicity (black line is spectrum
for x1 variable, and red line is spectrum for x2 variable); ε = 4, b = 1, k = 0.02, λ1 = λ2 = −1, β = 1/18; (a) ω0 = 2π ; (b) ω0 = 2π + 5; (c) ω0 = 2π , ∆ = 5,
MC = 2.5. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Zoomed fragment of Fig. 2a corresponding to the Arnold resonance web
on the basis of a three-dimensional torus. ε = 4, b = 1, k = 0.02, λ1 = λ2 = −1,
β = 1/18, ω0 = 2π .

Fig. 7. Zoomed fragment of Fig. 2a. The interval of the frequency detuning
corresponds to the transition of the second generator to the regime of the basic
limit cycle; ε = 4, b = 1, k = 0.02, λ1 = λ2 = −1, β = 1/18, ω0 = 2π .

Fig. 8. Zoomed fragment of Fig. 7. SNT are the lines of saddle–node bifurcations
of invariant tori, and Q is the point of a quasiperiodic bifurcation of codimension
two; ε = 4, b = 1, k = 0.02, λ1 = λ2 = −1, β = 1/18, ω0 = 2π .

smooth, been located above the Neimark–Sacker bifurcation line,
and they do not intersect, forming the broadband synchronization
domain (Fig. 2b).

For λ1 > λ2 the picture of the bifurcation lines slightly changes
(Fig. 9c). The shape of the Andronov–Hopf bifurcation line re-
mains unchanged. The Neimark–Sacker bifurcation line acquires
an additional inflection as the frequency detuning increases; a
broadband synchronization domain is also formed.

If the parameters λ1 and λ2 are non-identical, then each os-
cillator has its own threshold of equilibrium stabilization, in our
cases for the first oscillator it is always MOD

= 3, but for the
second oscillator it will be different: for λ2 = −1.5, MOD

= 3.5,
and for λ2 = −0.5, MOD

= 2.5. In the case when the second
oscillator requires a large coupling strength to stabilize the equi-
librium (λ2 = −1.5, Fig. 9b), at the moment of the equilibrium
stabilization in the first oscillator (MC = 3), the system shows

Fig. 9. The bifurcation lines associated with the domain of complete syn-
chronization, the parameters correspond to Fig. 2. NS is Neimark–Sacker
bifurcation, LP is saddle–node bifurcation, AH is Andronov–Hopf bifurcation, dAH
is degenerate Andronov–Hopf bifurcation.

Fig. 10. Dependence of the largest four Lyapunov exponents on the coupling
strength, illustrating the degenerate Andronov–Hopf bifurcation dAH. The case
of equal parameters λ. Other parameters are ∆ = 2π , ε = 4, b = 1, k = 0.02,
λ1 = λ2 = −1, β = 1/18, ω0 = 2π .
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Fig. 11. Dependence of the largest four Lyapunov exponents on the coupling
strength; ∆ = 2π , ε = 4, b = 1, k = 0.02, β = 1/18, ω0 = 2π , λ1 = −1,
λ2 = −0.5. AH is the Andronov–Hopf bifurcation, NS is the Neimark–Sacker
bifurcation, and QH is the quasiperiodic Hopf bifurcation.

Fig. 12. Dependence of the largest four Lyapunov exponents on the frequency
detuning; ε = 4, b = 1, k = 0.02, β = 1/18, ω0 = 2π , λ1 = −1, λ2 = −0.5;
MC = 0.72. SNT are the points of saddle–node quasiperiodic bifurcations of tori.

appearance of complete synchronization and of periodic oscilla-
tions. With further increase of the coupling strength, and reaching
the threshold of equilibrium stabilization in the second oscillator
(MOD

= 3.5), the equilibrium is stabilized in the whole system
of coupled oscillators. In the case when the second oscillator
requires smaller coupling strength to stabilize the equilibrium
(λ2 = −0.5, Fig. 9c), the equilibrium stabilization in the system
of coupled oscillators also occurs when both oscillators reach the
thresholds, and in this case the threshold is MC = 3.

Quasiperiodic Hopf bifurcation. The domains of quasiperi-
odic oscillations in the parameter plane are bounded by the
lines of quasiperiodic bifurcations. Let us analyze the quasiperi-
odic bifurcations using rigorous approach basing on Lyapunov
exponents [33]; details of the method see in the Appendix.

Fig. 11 shows the plots of the largest four Lyapunov expo-
nents as functions of the coupling parameter, depicted for a large
value of the frequency detuning ∆ = 2π that corresponds to
the right edge of the chart in Fig. 2b. This is the case of non-
identical control parameters λ1, λ2. One can see that the point of
degenerate bifurcation (dAH) in Fig. 10 splits into the Andronov–
Hopf bifurcation (AH) and the Neimark–Sacker bifurcation (NS).
Thus, in this case the degeneration is removed.

As the coupling parameter decreases, the quasiperiodic Hopf
bifurcation of the two-dimensional torus occurs. In this case,
below the bifurcation point, two Lyapunov exponents coincide:
Λ3 = Λ4. At the bifurcation point, one of them vanishes Λ3 = 0,
and another Λ4 becomes negative, this is a quasiperiodic Hopf
bifurcation. Thus, quasiperiodic Hopf bifurcation bounds the do-
main of broadband quasiperiodicity, which is marked by an arrow
with the symbol QH on the chart of Fig. 2b.

Saddle–node bifurcations of tori. Fig. 12 shows illustrations
for the dependence of the Lyapunov exponents on the frequency
detuning in the domain of a small fixed coupling parameter

Fig. 13. Dependence of the largest four Lyapunov exponents when moving on
the parameter plane to the domain of broadband quasiperiodicity with marked
points of the tori doubling bifurcations, DT; ε = 4, b = 1, k = 0.02, β = 1/18,
ω0 = 2π , λ1 = −1, λ2 = −1; MC = 2.5.

Fig. 14. Poincaré sections illustrating the tori doubling bifurcations; ε = 4,
b = 1, k = 0.02, β = 1/18, ω0 = 2π , λ1 = −1, λ2 = −1; MC = 2.5; (a)
∆ = 2.55; (b) ∆ = 2.6; (c) ∆ = 3.14.

MC = 0.72. The chosen road in Fig. 2b intersects the domain
of three-frequency quasiperiodicity and the embedded tongues
of two-dimensional tori. As seen from the plots of Lyapunov
exponents, the boundaries of these tongues are formed by the
lines of saddle–node bifurcations of invariant tori SNT, when
one of the Lyapunov exponents Λ3 becomes zero, and, so, it re-
mains inside the domain of three-frequency quasiperiodicity [33].
Arrows in the figure show these boundaries for two regions
of two-dimensional tori. In fact, there are more of them; the
corresponding resonance windows are clearly visible in Fig. 12.

Saddle–node bifurcations of tori SNT on the basis of tori of
higher dimension form the boundaries of the tongues of three-
dimensional tori in the region ∆ < ∆0, as shown in Fig. 8. It is
easy to see that the point Q in Fig. 8 corresponds to intersection
of two lines of saddle–node bifurcations of tori SNT2 and SNT3,
which relate to two different tongues. Thus, the edge of the
domain of the two-dimensional torus Q can be interpreted as a
quasiperiodic bifurcation of codimension two.

Bifurcation of torus doubling. When moving to the area
of broadband quasiperiodicity in the parameter plane, a torus
doubling bifurcation is observed. The points of such bifurcation
DT in accordance with the rules [33] are identified from the plots
of Lyapunov exponents in Fig. 13. The values of the frequency
detuning corresponding to the torus doubling are approximately
∆ ≈ 2.57 and ∆ ≈ 2.8. The doubling of the torus is diagnosed
reliably from the portraits of attractors in the Poincaré section
shown in Fig. 14. In this case, the Poincaré section is obtained as
a two-dimensional projection onto the plane of the variables of
the first oscillator (x1, z1) for a fixed variable y1 = 0. Fig. 14 shows
that the point DT1 corresponds to the doubling of the original
torus, and the point DT2 corresponds to the ‘‘inverse’’ bifurcation,
when the doubled torus transforms topologically into the original
torus.

The tori doublings are also diagnosed from the bifurcation
trees, see Fig. 15a. Note that on the enlarged fragment of the
bifurcation tree in Fig. 15b the windows corresponding to appear-
ance of the multi-layered tori are well seen, like those shown in
Fig. 4c, e.
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Fig. 15. Bifurcation trees demonstrating the torus doubling and the appearance
of multi-layered tori; ε = 4, b = 1, k = 0.02, β = 1/18, ω0 = 2π , λ1 = −1,
λ2 = −1; MC = 2.5.

5. Parameter plane arrangement for another choice of param-
eters

Let us now discuss another choice of the parameters of the
individual generators, corresponding to Fig. 1b. As it was noted
above, this case corresponds to a possibility of pronounced peri-
odic resonances inside the domain of quasiperiodicity. Let us turn
to the chart of Lyapunov exponents of the coupled generators
shown in Fig. 16. The color palette here is identical to that of
Fig. 2. But there appear regions of new type, which correspond

Fig. 17. Dependence of the largest four Lyapunov exponents, corresponding to
the chart in Fig. 16a and ∆ = 4π .

to chaos with one positive and two zero Lyapunov exponents.
In Fig. 16, in addition to the palette of Fig. 2, these domains are
shown in black.

A number of other differences also can be specified. In the
domain of the Arnold resonance web, zones of two-dimensional
tori transform into horizontal bands, analogous to the domain of
the broadband quasiperiodicity. The dependence of the largest
four Lyapunov exponents on the coupling parameter along the
right edge of the chart is shown in Fig. 17. The boundaries of the
domains of the two-frequency quasiperiodicity correspond to the
saddle–node bifurcations of invariant tori.

A vicinity of the point ∆0 corresponding to the transition of
the second generator to the regime of the limit cycle is shown
in Fig. 16d. When ∆ < ∆0, there is a set of tongues of two-
dimensional tori embedded in the domain of three-dimensional
tori. It is interesting that the picture looks similar to the tradi-
tional Arnold tongues, but now it is for the invariant tori. Inside
these tongues, there are several doublings of the basic torus,
followed by its destruction and transition to chaos. As seen from

Fig. 16. Chart of Lyapunov exponents (a) and its zoomed fragment (b, c, d). ε = 4, b = 1, k = 0.02, β = 1/25, ω0 = 2π , λ1 = 1.4, λ2 = 1.4.
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Fig. 18. (a) Dependence of the largest four Lyapunov exponents corresponding to the chart in Fig. 16d at ∆ = 5.3743. (b, c) Evolution of a two-dimensional torus in
the Poincaré section when moving within the corresponding tongue in Fig. 16d. Here ε = 4, b = 1, k = 0.02, β = 1/25, ω0 = 2π , λ1 = 1.4, λ2 = 1.4, ∆ = 5.3743;
(b) MC = 0.141; (c) MC = 0.1415.

Fig. 16d, outside the tongues the chaotic regime arises with two
zero Lyapunov exponents.3

Fig. 18a shows a graph of the Lyapunov exponents versus
the coupling parameter in the transition from the central tongue
of the two-frequency quasiperiodicity to chaos with two zero
Lyapunov exponents. In the transition, three bifurcations of torus
doubling, DT1, DT2, DT3 are well seen, after which the largest
exponent Λ1 becomes positive, and the next two Λ2 and Λ3
vanish. Formation of such kind of chaotic attractors was noted
for maps in [70,71]. Fig. 18b and c show Poincaré sections by
the hypersurface y1 = 0 in the projections onto the planes
of variables of the first and second generators just before and
after the torus doubling bifurcation. In the projection onto the
plane of the variables of the first generator, the invariant curve
has a complex structure, with six characteristic breaks and self-
intersections. The picture in Poincaré section in projection onto
the plane of the second oscillator differs greatly from the first one,
and has a figure-eight shape with twelve loops. Despite the fact
that the invariant curve has such a complex shape, the bifurcation
of the torus doubling can be clearly seen in (Fig. 18c).

At ∆ < ∆0 narrow tongues of three-dimensional tori embed-
ded in the domain of four-dimensional tori are observed. In this
case the structure of the tongues differs from the traditional one,
see Fig. 16c. In this figure, one can observe two types of domains
of resonant three-dimensional tori, tongues of traditional type
with narrow tips, as well as domains that have a pedestal of finite
width. The most significant formation of this kind is indicated
by two arrows in Fig. 16c. The reason for appearance of such
formations was explained in our discussion of Fig. 1b. In this
case, when the frequency of the second generator (i.e., frequency
detuning) varies, the subsystem hits into the resonant domains
of the periodic regime, which provides a finite width of the base
of the domain of three-frequency tori for the coupled genera-
tors. (Remind that the first generator operates in the regime of
two-frequency quasiperiodicity.)

With growth of the coupling parameter in Fig. 16c, one can see
a nontrivial internal structure of the domains of three-frequency

3 We have to remark that for this case zero Lyapunov exponents are not
exactly zero, but very close, for our numerical computations we get the accuracy
about 10−5 .

tori. Fan-shaped structures of two-dimensional torus regions are
observed with inclusions of chaos regions.

6. Conclusion

Features of mutual synchronization of quasiperiodic oscil-
lations are investigated for a model example of two coupled
quasiperiodic oscillators with an equilibrium state. The struc-
ture of the parameter plane (frequency detuning vs coupling
strength) was studied. It is shown that in such a system the
domains of oscillator death, periodic regimes (complete syn-
chronization), phase synchronization of quasiperiodic oscillations,
broadband synchronization, Arnold resonance web formations
occur. Illustrations of each type of the regimes and the bifurca-
tions associated with them are given. In particular, bifurcations
of invariant tori were observed: a quasiperiodic Hopf bifurcation,
saddle–node bifurcations of tori, doubling of invariant tori, and
bifurcations of codimension two. A change in the parameter plane
structure is shown, when one of the interacting generators passes
from the regime of quasiperiodic oscillations to the region of
the basic limit cycle. The cases of predominantly quasiperiodic
regimes and the case of embedded resonances for the second
generator are considered separately. Several types of domains of
invariant tori of different dimensions and their internal structures
are described. Results of the conducted investigations indicate
richness and diversity of phenomena intrinsic to the problem of
interaction (synchronization) of the quasiperiodic oscillators.
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Appendix. Methods of investigation

Unfortunately, at the present moment there are no adequate
methods for analyzing quasiperiodic bifurcations, developed up
to a comparable degree as those for bifurcations of periodic
regimes. In the present paper we use the following approaches:
(i) analysis of the full spectrum of Lyapunov exponents, method
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of charts of Lyapunov exponents; (ii) bifurcational analysis for
equilibrium states and periodic oscillations; and (iii) rigorous bi-
furcational analysis of quasiperiodic oscillations based on consid-
eration of behavior of the Lyapunov exponents near a bifurcation
point. Let us shortly describe all these techniques.

To depict a chart of Lyapunov exponents, for each pixel of
the parameter plane area the full spectrum of Lyapunov ex-
ponents is calculated. For calculating the Lyapunov exponents
we use well-known Benettin algorithm with Gram–Schmidt or-
thogonalization of the perturbation vectors [72,73]. It is clear
that the Lyapunov exponents are averaged characteristics; their
numerically obtained values depend to some extent on the length
of time series and time intervals between normalization of the
perturbation vectors. In our computational procedures we de-
termine optimal parameters, the compromise between accuracy
and time for calculating. Then we chose a threshold Thr , which
was used to diagnose for zero Lyapunov exponents. In the most
of our numerical experiments we set Thr = 0.0001. Thus, we
distinguish the next options: (i) Λi > Thr that corresponds to a
positive Lyapunov exponents; (ii) if |Λi| < Thr , then we suggest
that the Lyapunov exponent is zero; and (iii) Λi < −Thr that
corresponds to a negative Lyapunov exponent. The number of
Lyapunov exponents and variety of dynamical regimes depend on
the dimension of considering model.

In the frame of this work we deal with three-dimensional and
six-dimensional systems.

In accordance with the signature of the spectrum of Lya-
punov exponents, the pixels on the parameter plane of three-
dimensional model was colored in accordance with the accepted
legend:

(1) E means stable equilibrium point, Λ1 < 0, Λ2 < 0, Λ3 < 0;
(2) P means periodic oscillations (limit cycle), Λ1 = 0, Λ2 < 0,

Λ3 < 0;
(3) T means two-frequency quasiperiodic oscillations, Λ1 = 0,

Λ2 = 0, Λ3 < 0;
(4) C means chaotic oscillations, Λ1 > 0, Λ2 = 0, Λ3 < 0.

In the case of six-dimensional dynamical systems the analy-
sis is performed considering six Lyapunov exponents using the
following notations:

(1) E designates occurrence of stable equilibrium point,
Λ1 < 0, Λ2 < 0, Λ3 < 0, Λ4 < 0, Λ5 < 0, Λ6 < 0;

(2) P designates periodic oscillations (limit cycles),
Λ1 = 0, Λ2 < 0, Λ3 < 0, Λ4 < 0, Λ5 < 0, Λ6 < 0;

(3) T2 relates to two-frequency quasiperiodic oscillations,
Λ1 = 0, Λ2 = 0, Λ3 < 0, Λ4 < 0, Λ5 < 0, Λ6 < 0;

(4) T3 corresponds to three-frequency quasiperiodic oscilla-
tions,
Λ1 = 0, Λ2 = 0, Λ3 = 0, Λ4 < 0, Λ5 < 0, Λ6 < 0;

(5) T4 relates to four-frequency quasiperiodic oscillations,
Λ1 = 0, Λ2 = 0, Λ3 = 0, Λ4 = 0, Λ5 < 0, Λ6 < 0;

(6) C designates chaotic oscillations,
Λ1 > 0, Λ2 = 0, Λ3 < 0, Λ4 < 0, Λ5 < 0, Λ6 < 0;

(7) HC corresponds to hyperchaos,
Λ1 > 0, Λ2 > 0, Λ3 = 0, Λ4 < 0, Λ5 < 0, Λ6 < 0.

The second approach, which we use in this paper, is analysis
of bifurcations of equilibrium point and periodic cycles. For this
analysis we exploit a special software package XPPAUTO [67]. It
allows determining main bifurcations of equilibrium points and
limit cycles with analysis of multipliers, which are determined
by numerically-analytic methods, details see in [67].

The third approach is a rigorous bifurcation analysis of tori
suggested in [33]. In accordance with [33], analyzing behavior
of the Lyapunov exponents near a bifurcation point one can
distinguish three quasiperiodic bifurcations:

(i) Quasiperiodic Hopf bifurcation: before the bifurcation point,
two maximal negative Lyapunov exponents coincide: Λn = Λn+1.
At the bifurcation point, both of them touch zero axis, then one
of them vanishes: Λn = 0, and the other Λn+1 becomes negative.

(ii) Saddle–node quasiperiodic bifurcations: before the bifur-
cation point, two negative Lyapunov exponents after zero are not
the same, Λn and Λn+1. At the bifurcation point, one of them
vanishes: Λn = 0, and the other Λn+1 remains negative, and does
not touch zero.

(iii) Period-doubling of torus: before the bifurcation point, two
negative Lyapunov exponents after zero are not the same, Λn and
Λn+1. At the bifurcation point, one of them touches zero: Λn = 0,
and the other Λn+1 remains negative.
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