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Abstract—A two dimensional problem of diffraction of a plane electromagnetic wave by a cylindrical gold
shell is considered in the case when the boundaries of the shell are circular cylinders with displaced centers.
The influence of the excentricity of the boundaries on the properties of plasmon resonances in the optical
band is studied. The near and far fields and scattering spectra are calculated by rigorous methods. It is found
that the excentricity of shell’s boundaries gives rise to additional resonances. Analytical theory of scattering
for thin shells is developed in the quasi-static approximation. It is shown that, in this case, the scattering and
absorption spectra essentially depend on the displacement of the centers of the cylindrical boundaries but are

independent of the direction of this displacement.
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INTRODUCTION

Due to plasmon resonances, nanowires of noble
metals are employed as sensors in the optical band [1].
In [2, 3], the properties of plasmon resonances in
coaxial silver and gold nanotubes were studied. The
aim of the present work is to study the specificities of
plasmon resonances in noncoaxial gold nanoshells.

1. PROBLEM STATEMENT

Let us consider a two-dimensional problem of dif-
fraction of a plane linearly polarized electromagnetic
wave by a nanofilament covered with a gold layer of
variable thickness (Fig. 1). Let a plane wave propagate
in free space in the direction of the unit vector (cos @,
sin @, 0) and be characterized by the following com-
ponents of the electromagnetic field:

H? = exp(—ikx cos ©, —ikysin @),

z
E)? = -Msin @, exp(—ikxcosQ, —ikysin@,), (1)
E;) =MNcos @, exp(—ikxcosQ, —ikysin@,).
The time dependence is chosen in the form of the fac-
tor exp(ior), where ® = ke, k = 2m/A, c is the speed
of light in vacuum, A is the wavelength, and
n = U / €, = 1207t Q is the characteristic impedance
of vacuum.

Gold fills a shell the boundaries of which are circu-
lar cylinders
x 2 + y 2 =a 2 ,

(2)
(x+8)” +y> =5’

887

where a is the radius of the quartz filament and b is the
outer radius of the structure. The centers of the outer
and inner boundaries of the shell are displaced by a
distance 9.

The spatial distribution of the permittivity in the
structure under consideration is defined by the formula

2 2 2
€ X +y <a’,

2 2 2
e x +y >a’,

&x,y) = 5 5 ) 3)
(x+0)" +y <b”,

L (x+8)° +y>>b°

Po

—a a

.
Z

Fig. 1. Geometry of the problem.
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Fig. 2. The (/) real part €' and (2) the imaginary part 10 "
of the permittivity of gold vs. the wavelength.

where €., and € are the permittivities of quartz and
gold, respectively.

We approximate the real and imaginary parts of the
permittivity of gold, e = &'+ ie", in the range 600 < A <
1100 nm by the functions presented in Fig. 2. The
graphs of the functions were obtained by the interpo-
lation of experimental data [4] by cubic splines.

Unlike gold, quartz in the same range has a sub-
stantially lower heat loss and its permittivity weakly
depends on A. Therefore, we assume the permittivity of

quartz a real constant g, = 2.1.

The analysis of the above-formulated diffraction
problem is conveniently performed through the z-com-
ponent of the magnetic field: U(x,y) = H.(x,y),
because, in this case, the function U(x,y) is scalar.
Then, the components of the electric field can be
expressed via the function U(x, y) by the formulas

n_ JdU(xy)
E.(x,y) = ,
»Y ike(x,y) dy )
il a U(X, )’)
E =
A%2) ike(x,y) ox

and the total field satisfies the Helmholtz equation

{gz + é + kzg(x,y)}U(x,y) =0. ®)
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On the shell’s boundaries, the quantities U(x, y) and
1 JdU(x,y)

g(x,y) ON
must be continuous.

(N is the normal to the boundary)

The field outside the structure consists of the inci-
dent field U° and the scattered field U *:

U=U"+U". (6)

In the cylindrical coordinates (x = rcos @, y = rsin @),
the incident field is defined by the function

U’ = exp[-ikrcos(¢p —@,)]. 7)

The scattered field in the far zone must satisfy the
radiation condition

U - o(g) |2 exp (—z‘kr + i’-‘), kr— oo, (8)
Tkr 4
where ®(¢) is the far-field pattern.

The total scattering cross section G, is defined as

2n

2 2
o, == | |D(p)|" deo. 9

The absorption cross section ¢, can be represented by
the following integral over the outer contour of shell’s
boundary:

G, = lImCJ.Da—UU*a’S.
oN

X (10)

2. NUMERICA RESULTS

The numerical solution of the above-formulated
problem was performed by the modified discrete
sources method [5—7].

Figure 3 shows the total scattering cross sections as a
function of the wavelength A for the structures with fixed
radii of the cylindrical shell’s boundaries, a = 45 nm and
b =50 nm, and different distances between the centers
of these boundaries. We see that, in the axisymmetic
case (0 = 0), there is a unique resonance and, with an
increase in 0, additional resonances appear.

Figure 4 shows the distribution of the absolute
value of the field |U] along the outer boundary of the
shell at the wavelength A = 810 nm for the structure
with the parameters a = 45 nm, » = 50 nm, and § =
4.9 nm (curve 7). We see that, in the region where the
shell is thinner (y = 0), oscillations are more fre-
quent. This effect can be explained by the fact that the
thin gold layer between two dielectric half-spaces
maintains a strongly decelerated surface wave whose
propagation constant increases with decreasing layer
thickness. For comparison, the same figure presents
the axisymmetric case (8 = 0), when the thickness of
the shell is independent of the angle \ (curve 2).
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Fig. 3. The total scattering cross section vs. the wavelength
for a =45 nm, b =50 nm, g5 =0, and d = (1) 0, (2) 3,
and (3) 4 nm.
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Fig. 5. The absolute values of the far-field patterns for
a=45 nm, b =50 nm, § =4.8 nm, A =810 nm, and
®y= (1) 0, (2) m/4, and (3) /2.

Figure 5 shows the far-field patterns |®(¢)| of the
structure with the parameters a = 45 nm, b = 50 nm,
and 8 = 4.8 nm at the wavelength A = 810 nm for three
different angles of incidence @, of the plane wave.
From the results presented in this figure, it follows
that, regardless of the angle ¢,, the lobes of the far-
field pattern ®(¢p) are approximately oriented in the
direction of propagation of the plane wave (¢ = @)
and in the opposite direction (¢ = @, + 7).

Figures 6 and 7 illustrate the scattering properties
of a smaller structure with the sizesa = 18 nm and b =
20 nm. These patterns are qualitatively close to Figs. 3
and 5. We notice that the far-field patterns presented
in Fig. 7 depend with a high accuracy only on the dif-

ference of angles ¢ — ¢,. This property is obviously
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Fig. 4. The absolute value |U(x, y)| of the field on the outer
boundary of the shell vs. the angular coordinate
(x =bcosy =98, y =bsiny) for a =45 nm, b =50 nm,
®p =0, A =810 nm, and d = (/) 4.9 nmand (2) 0.
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Fig. 6. The total scattering cross section of a shell vs. the

wavelength for ¢ =18 nm, b =20 nm, ¢y =0, and d =
()0, (2 1,and (3) 1.5 nm.

inherent in the fields scattered by axisymmetric struc-
tures. However, it should be noted that the graphs in
Fig. 7 were calculated for a strongly asymmetric shell.

3. QUASI-STATIC PLASMON RESONANCES
IN THIN SHELLS

Let us define

I=b-a (11)
Below we assume the following conditions:
[<a<<h\ (12)

In this case, the thickness of the shell depends on the
angle ¢ by the law

d(@)=1-3dcosq. (13)
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Fig. 7. The absolute values of the far-field patterns of a
shell fora =18 nm, 5 =20 nm, d =1.9 nm, A = 810 nm,
and @y = (1) 0, (2) n/4, and (3) /2.

The permittivity of gold satisfies the condition |¢] > 1.
Therefore, the shell may be replaced with an infinitely
thin film with a surface conductivity o [8]:

G = ikde/m. (14)

The surface conductivity relates the tangential compo-
nents of the electric and magnetic fields on the bound-
ary r = a by the formula

H (a—-0,0)— H (a+0,9) =MCE(a,¢). (15)
Taking into account (13), we write formula (14) as

No = —iko(l —Bcos ), (16)

where
o=—¢l, 17)
=29/l (18)

Thus, a thin metal shell may be replaced with an
infinitely thin film whose conductivity (16) is character-
ized by two parameters: o and . If we neglect the heat loss
ingold (¢" = 0), then a will be a real positive quantity and,
with allowance for the loss, a =o' + io", o < o'.

Let us study the quasi-static oscillations of a quartz
cylinder of radius a, covered with an infinitely thin
layer of a material with a conductivity depending on
the angle ¢ by formula (16).

Inside the cylinder and in its static near zone,
(kr < 1) the wave field U(r, @) approximately satisfies
Laplace’s equation

2 2
a_('zl + la_U + lza_li =0.
or~ ror r° o

The boundary conditions on the cylinder surface

r = a have the form

19U
€, OF

U(a-0,0)-U(a+0,0)

19)

(@—0,¢) =aa—U<a+o,<p), (20)
r

:a(l—BCOS(p)aa—U(a+0,(p). (21
r
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We will seek partial solutions of problem (19)—(21)
that decrease as » — . Since the problem is homoge-
neous, its nontrivial solutions exist only at definite val-

ues of the parameter a. These discrete values o, are
eigenvalues of the boundary value problem.
Let us show that the eigenfunctions U ,,(r,¢) and

eigenvalues o, are described by simple analytical
expressions. Define two real positive parameters

ty, >aandt, <a:
1+41-P°

t1,2 =da (22)
p
The values of #, and ¢, satisfy the relationships
2
2a 2B 2 3

t1+t2:_,
p

B

The wave fields and the corresponding eigenvalues o,
are expressed by the formulas

l(f_j (rexpa_(p)—er |
t, rexp(io) —t,

U,(r,0)=4r <a, (24)
-(zemeio-uy, .,
rexp(—iQ)—1,) ’

= w (25)

o my1—p° ’

where m =1,2,3....

Fields (24) satisfy Laplace’s equation (19), because
they are analytic functions of the complex variables
rexp(iop) or rexp(—i¢). The requirement for the
parameter m to be integer and positive is necessary for
the absence of singularities of the corresponding func-
tions of complex variable at the points r =#, =0
and r = ¢,, @ = 0. Boundary conditions (20) and (21)
are easily tested directly. In this case, it is necessary to
use formulas (23) and (25) and the relationship

1-Bcosp = —%(aexp(—i(p) —1)

X (aexp(—ip) —t,)exp (i) (26)
= L. (aexplio) - ) (aexp(io) - ;) exp(-io).
which follows from (23).

The asymptotics of the functions U ,,(r,¢) as r > ¢,
has the form
tl -

U,(r,0) ~ m "2 exp(ig).
r

Continuing quasi-static near field (27) to the far zone

with the help of the function H ,(2)(kr), we obtain the
far-field pattern of this field:

(27)

D,(¢) = %m(tl — 1,)exp(ig). (28)
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The functions U ,(r, ¢) are complex, and the corre-
sponding eigenvalues «,, prove to be real. This means

that the complex-conjugate functions U (r,¢) also
satisfy the boundary conditions of the problem. Thus,
in the quasi-static approximation, two-fold degener-
acy in the structure under consideration takes place.

Using (17) and (18), we can rewrite expression (25)

in terms of the resonance values of the permittivity of
the shell:

qz
m -
With variation in the frequency of optical oscilla-
tions, the complex permittivity of gold can approach
the value of €,,. At these frequencies, the field in the
diffraction problem must have resonance bursts. For
the structure with the spectrum represented by curve 2
in Fig. 6, from formula (29), we obtain &, = —32,
€, = —16. As follows from Fig. 2, these values corre-

spond to wavelengths conforming to the positions of
the resonances in curve 2.

g+l g4

m=123.. (29)

m =

4. ANALYTICAL SOLUTION
OF THE DIFFRACTION PROBLEM
IN THE QUASI-STATIC APPROXIMATION

According to the generalized method of eigenoscil -
lations [9], the field U(r, @) in the diffraction problem
can be represented by an expansion in the functions

U, (r,¢) and U)(r,9). The eigenfunctions U, (r,¢)
satisfy Laplace’s equation (19) and the following
boundary conditions:

'”( a—-0,¢0) = ’”(a+0<p), (30)
qu ar
U(a—O(p)—U(a+O(p)
(31)
—(x(l—Bcos(p) ’”(a+0(p)

These boundary conditions dlffer from boundary con-
ditions (20) and (21) for the sought field U(r, @) by the
replacement of the parameter a with a,,. Conditions
(30) and (31) also hold for the functions U;(r, 0).

We obtain the generalized oscillations by the so-
called p-method, i.e., by introducing the eigenvalue
into the true two-sided boundary conditions [9].

The total field is sought in the form of the expansion
UGr,0) = U(r, @) + Z[AmUm(r, ®) + B,Ur, (p)} (32)
m=1

where U(r, o) is the quasi-static solution of the prob-
lem of diffraction of a plane wave (7) by a quartz fila-

ment without a conducting film. The field U(r, ©) sat-
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isfies Laplace’s equation and the following boundary
conditions:

19U 0,0 =2 @ +0,9), (33)
€, OF r
Ua—0,¢) =U(a+0,¢). (34)

Series (32) satisfies Eq. (19) and boundary condi-
tion (20) term-wise. Substituting representation (32)
into boundary condition (21) and taking into account
formulas (30), (31), (33), and (34), we obtain the rela-
tionship

E (o, — OC)[Am U, (a+0,0)
or
m= (35)

3 ~
+ BmaU’" (a+0,09) | = oca—U(a+O,(p),
or or

from which, using the orthogonality of eigenoscilla-
tions, we will obtain explicit expressions for the coeffi-

cients A and B,

The quasi-static field near the circular dielectric
cylinder is known:

U(r,@) = 1 — ikrcos(q — @)

e, —1rg>
ma—Ka cos(9—0y), r>a
€.+l r

(36)

The corresponding far-field pattern is expressed by the
formula

N ,—1
() = - E‘*—lkzaz cos(@ — ). (37)

2ge,,

Using formula (36), we find the right-hand side of
relationship (35):

2k cos(0 - ¢y).
+1

qz

U (44 0,¢) = - (38)
or

‘We have the following conditions of orthogonality:

ouU;

ja—Bcos@ Srar0.pr
or

(39)
X (@+0,0)dp=""P _ tz)(t—‘j 8.
a tz

J-(l — Bcoscp)aU’” (a+ 0,(p)aU" (a+0,0)do = 0,(40)
” or or
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where 9,,, is the Kronecker delta. To prove these rela-
tionships, it is necessary to use formula (26) and the
expressions

M(a +0,0) = —m(t, — t,)
(@1
a6 j (aex00 ) erpi)
ty) (aexp(ig)—1t,)
agfn (a+0,9) = —n(t, — 1)
42)

y (aexp(ie) — l)
(aexp(ig) —1,)""

which follow from (24). The integration with respect
to @ in (39) and (40) should be replaced with the inte-
gration in the complex plane of 7 over a closed circular
contour 7 = aexp(i@), and then we can find the resi-

due of the integrated function at the pole ¢ = #,.

Using the orthogonality conditions (39) and (40),
we can find from relationship (35) the coefficients Am
and B,,. For example, in order to determine A4,,,

xp(i¢),

should multiply (35) by (1—PBcos (p) U (a +0,0)

and integrate the results over the mterval (0,2m). For
calculating the right-hand side of the equality, we need
the formula

j [ 2L (40,000 - Beos ) cos(@ - 00
) 43)
2
T (1 - 1) exp(igy).
2a

As a result, we find the coefficients 4,, and B,, in
the form

A, =—% (t1 —tz)( j exp(=i@y), (44)
o, — O, +1 4

B, =—% ik —tQ)(I—zj exp(iQy).  (45)
o, —OE,, +1 5

Separate terms in the expansion of the near field
(32) correspond to the far fields whose patterns are
determined by expressions (28) and (37). Therefore,
we express the far-field pattern ®(¢) and the total scat-

tering cross section G as follows:

2 2 PRy
=—i——— C14200 =) ;2)
a

—(t—zj }OS(tp—(Po),
o—a,\

(40)
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2Aey, +1)°
s
It should be noted that the far-field pattern (46)

depends only on the difference of the angles ¢ — @,
which is a property of axisymmetric scatterers, to
which the structure under consideration does not
belong

From formulas (10) and (21), we obtain the follow-
ing expressions:

€4, —1+20

2 (47)

ko,
2n

(48)
j|U(a 0,0)— U(a +0,0)’

| | —Bcostp

Substltutmg expansion (32) into (48) and transform-
ing it with the help of formulas (25), (31), (39), (40),
_4nk’an(t, — 1,)°

(44), and (45), we obtain
S b o
’ \/1 - Z:|oc ocm| [ J )

It turned out that the absorption cross section, as well
as the scattering cross section, is independent of the

incidence angle .

Figure 8a shows the dependences—calculated
according to (47)—of the total scattering cross section
o, on the wavelength A for the structure with the
parameters b = 20 nm, a = 18 nm , and = 0, 1, and
1.5 nm. Curves in Fig. 8a agree well with the results of
rigorous calculations presented in Fig. 6.

With the help of calculations by formula (49), we
obtained the scattering cross section G, as a function
of the wavelength A (Fig. 8b). The parameters of the
structure are the same as for Fig. 8a. From the com-
parison of Figs. 8a and 8b, it follows that higher order
plasmon resonances (m = 2,3...) manifest themselves
more strongly in the absorption spectrum.

The scattering and absorption cross sections of a
coaxial shell can be found from expansions (47) and
(49) by passing to the limit B — 0, ¢, — o0, z, — 0. In
this case, only the terms with m = 1 are nonzero. As a
result, we obtain

ko

n2k4a4 |a - (qu - 1)a|2

ko, = )
2 |oc—(e Z+1)a|

(50)

2 3 n
ko —__Amk ao,

o = (eg, + Da|*

(31

Finally, let us turn to the effect of a significant
reduction on the visibility of such a structure, which
can be explained by means of formula (50). The results
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Fig. 8. The (a) total scattering and (b) absorption cross sec-

tions vs. the wavelength for ¢ = 18 nm, » = 20 nm, ¢, =0,
andd=(1)0, (2) 1, and (3) 1.5 nm.

of rigorous numerical calculation of the scattering
spectrum of a coaxial shell with the parameters a =
18 nm and / =2 nm have been presented above (Fig. 6,
curve /). Note a deep dip of curve I at the wavelength
A = 620 nm, where the total cross section attains the
value of kG, ~ 4 x 107>. The power scattered by the
quartz filament without coating is greater by an order
of magnitude: ko, ~ 7 X 10~%. Thus, we have an effect
of a substantial reduction in the visibility of a filament
after depositing on it a thin metal layer [3]. According
to formula (50), the minimum value of kG, is reached
on satisfying the condition o' = (€, —)a, i.e., ate' =
=&, -1 a/ [ = —10. As follows from the analysis of
Fig. 2, this value of €' corresponds to the wavelength of
the dip.
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CONCLUSIONS

The problem of diffraction of a plane wave on a
noncoaxial cylindrical gold shell has been considered
for the case of TM-polarization. The influence of the
distance between the centers of the cylindrical bound-
aries on the spectral characteristics of the scattered
field has been studied by rigorous numerical methods.
It has been found that, with increasing distance
between the centers of the cylindrical boundaries of
the shell, the number of plasmon resonances
increases. For thin shells, an approximate quasi-static
theory based on the replacement of the shell by a film
with a variable conductivity has been developed. Ana-
lytical expressions for plasmon resonance frequencies
and scattering and absorption spectra have been
obtained. It has been shown that, within its range of
applicability, the results of the approximate theory are
in a good agreement with rigorous numerical results.
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