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We studied the relation between the topological characteristics of a refraction surface and the

characteristics of the transmission of a TM or TE bulk electromagnetic wave through a transparent

half-wave antiferromagnet plate in crossed dc magnetic and electric fields. It was shown that the

conditions for resonant transmission correspond to the spectrum of escaping bulk magnetic polari-

tons of the layer as well as the spectrum of electromagnetic waves in the plate with extreme values

of the surface impedance. VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4862472]

1. Introduction

As well-known from the theory of wave propagation in

layered media, for a plane electromagnetic wave with polar-

ization a¼ p, s, the Fresnel (amplitude) reflection and refrac-

tion coefficients, Va and Ta, at the interface between two

half-spaces can be represented as1

Ta ¼
2 ~Za

~Za þ Za
; Va ¼

~Za � Za

~Za þ Za
; (1)

where ~Za is the surface impedance (admittance) of the me-

dium from which a TM (TE) wave is incident, and Za is the

input surface impedance (admittance) of the conjugate envi-

ronment. Recently, metasurfaces—electrodynamic struc-

tures, the input impedance of which depends in a specified

way on the frequency, polarization, and propagation direc-

tion of the incident plane electromagnetic wave—have

attracted a significant interest due to potential antenna

applications.2 Particular attention is paid to the use of meta-

materials—composite media containing locally resonating

structural elements, the wave properties of which in the

long-wavelength limit are qualitatively different from the

properties of the structural elements forming this metamate-

rial.3 However, in an electromagnetic metamaterial, both the

relative orientation of the electromagnetic particles forming

the material and their operating frequency are strictly

defined. Furthermore, with increasing frequency of the inci-

dent wave and due to lack of a well-defined surface in such a

composite medium, spatial dispersion effects associated with

the relatively large size of the metamaterial unit cell quickly

become significant.4

In this respect, of great interest would be to employ as a

metasurface a spatially homogeneous medium the wave

properties of which can be selectively adjusted by easily

implementable external parameters (e.g., external dc mag-

netic H0 or electric E0 fields). Prominent among these

media are antiferromagnetic (AFM) structures. Their elec-

trodynamic characteristics can be significantly modified by

the external parameters mentioned above, whereas the fre-

quency of the antiferromagnetic resonance (AFMR) can lie

in the terahertz range.5 In particular, it is well-known that

already in the collinear phase of an exchange-collinear

AFM, the application of an external magnetic field H0 per-

pendicular to the easy magnetic axis transforms this mate-

rial, according to Ref. 6, into a gyrotropic medium.

However, despite a large number of publications devoted to

studying the effects of a constant external magnetic field on

the transmission of a plane TE or TM wave through the

interface between a nonmagnetic insulator and AFM,7,8 this

issue has not lost its relevance.9 Considerably smaller num-

ber of publications is devoted to the effects of an external dc

electric field on the transmission of a TE or TM plane wave

through such an interface. Furthermore, as follows from the

results of Refs. 10–12, a compensated easy-axis (EA) AFM

in a field E0 orthogonal to the easy axis is characterized by

the material equations analogous to those of a particular

type of bianisotropic medium—a planar lattice of omega

particles.3 On the other hand, if E0 is directed along the

easy magnetic axis of a compensated EA AFM, the corre-

sponding constraint equations become analogous to the case

of mutually orthogonal planar lattices of omega particles3

(E0/jE0j is the intersection line of the planes of such latti-

ces). In the case where the AFM is uncompensated, for

E0 6¼ 0 the AFM acquires not only the gyrotropic and

pseudo-gyrotropic properties but also the magnetoelectric

ones.11,13 Moreover, nonzero tensor components involved

in the constrain equations for such a medium exhibit reso-

nant features depending on the frequency of the propagating

wave. Thus, we can assume that the change in the direction

of E0 can significantly affect the transmission of a bulk elec-

tromagnetic (EM) wave of TM or TE type through the inter-

face between magnetic and nonmagnetic media. It should be

noted that quadratic magneto-optical interaction (QMOI)

has been considered in Refs. 10–12 as the mechanism re-

sponsible for the interaction of the spin subsystem of an

exchange-collinear centrosymmetric AFM with an electric

field. This interaction becomes exchange-reinforced in the

spin-wave electrodynamics of the AFM environment.

Moreover, there also appears an additional magnetic anisot-

ropy associated with the orientation of E0. This effect is
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quite small, however if the own magnetic anisotropy in the

sagittal plane under study is also small, we can expect that

by changing the direction of E0 in such a plane, it is possible

to smoothly change the equilibrium orientation of the AFM

vector and therefore the orientation of the principal axes of

the tensors involved in the constrain equations for such

AFM. Conditions for the implementation of this possibility

can be expected, in particular, in the case of EA AFM in the

“spin-flop” phase with H0 aligned along the easy magnetic

axis* assuming that E0 lies in the sagittal plane with the nor-

mal along H0.

In this regard, the aim of this work is to analyze in the

Voigt geometry the influence of the orientation of a constant

external electric field E0 in the sagittal plane on the

conditions of resonant transmission of bulk TM or TE EM

waves incident on a transparent plate of a uniaxial AFM in

the “spin-flop” phase.

2. Basic equations

Let us consider, as an example, a two-sublattice model

(M1,2 are the sublattice magnetizations, jM1j ¼ jM2j ¼M0)

of the magnetically compensated exchange-collinear

uniaxial (OZ) AFM.5 In this case, in terms of the ferro-

magnetic (m¼ (M1þM2)/2M0) and antiferromagnetic

(I¼ (M1�M2)/2M0) vectors, the density of the thermody-

namic potential of the AFM under consideration takes the

form

F ¼ M2
0

d
2

m2 � b

2
l2
z þ

b1

2
l2
xl2

y � 2mh � rm

2
ðmPÞ2 � rl

2
ðIPÞ2 � sm

2
m2P2 � sl

2
I2P2

� �

þ
P2

x þ P2
y

2j?
þ P2

z

2jk
� PE

 !
; (2)

where d and b, b1 are the homogeneous exchange and mag-

netic anisotropy constants, respectively, h is the renormal-

ized magnetic field, E and P are the vectors of the electric

field and polarization, respectively, jk and j? are the longi-

tudinal and transverse dielectric susceptibilities; rm, rl, sm,

and sl are the QMOI coefficients. For b > 0, the relation (2)

corresponds to the collinear phase with an easy magnetic

axis OZ. If E0 ? H0 k m0 k OZ, then, depending on the sign

of the QMOI constant, I0 k E0 or (I0E0)¼ 0 (m0 and I0 are

the equilibrium ferromagnetic and antiferromagnetic vectors,

respectively). The case of a uniaxial antiferromagnet with an

easy plane perpendicular to OZ corresponds to b < 0.

In the particular case of I0 k E0 k OY, the material rela-

tions for the AFM under consideration in the linear approxi-

mation with regard to the small oscillation amplitude take

the form

B ¼ l̂H þ Â
�
E; D ¼ êEþ Â

T
H; (3)

lik ¼
lxx �l�i 0

l�i lyy 0

0 0 lzz

0
B@

1
CA ; eik ¼

exx �e�i 0

e�i eyy 0

0 0 ezz

0
B@

1
CA ;

Aik ¼
0 0 ib2

0 0 b3

�ib1 b4 0

0
B@

1
CA :

Here Â
�

and Â
T

correspond to complex conjugation and

transposition of the matrix Â, respectively.

Calculation shows that for the frequencies x small com-

pared with the eigenfrequencies of the electron subsystem

and taking into account Eq. (2), the nonzero tensor compo-

nents appearing in Eq. (3), can be represented as follows:

lxx ¼ 1þ 4pTx
x2

F

DF
; lyy ¼ 1þ 4pTy

x2
F

DF
; lzz ¼ 1þ 4pTz

x2
AF

DAF
; l� ¼ 4p

ffiffiffiffiffiffiffiffiffi
TxTy

p xFx
DF

;

exx ¼ 1þ 4pax0 þ 4pRx
x2

AF

DAF
; eyy ¼ 1þ 4pay0 þ 4pRy

x2
AF

DAF
; e� ¼ 4p

ffiffiffiffiffiffiffiffiffiffi
RxRy

p xAFx
DAF

;

ezz ¼ 1þ 4paz0 þ 4pRz
x2

F

DF
; b1 ¼ 4p

ffiffiffiffiffiffiffiffiffi
RxTz

p xAFx
DAF

; b2 ¼ 4p
ffiffiffiffiffiffiffiffiffi
RzTx

p xFx
DF

;

b3 ¼ 4p
ffiffiffiffiffiffiffiffiffi
RzTy

p x2
F

DF
; b4 ¼ 4p

ffiffiffiffiffiffiffiffiffi
RyTz

p x2
AF

DAF
; DF ¼ x2

F � x2; DAF ¼ x2
AF � x2:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(4)

If jH0j ¼ 0, jE0j 6¼ 0, then in Eqs. (3) and (4)

b3¼b4¼ l*¼ e*¼ 0, whereas for jE0j ¼ 0, jH0j 6¼ 0,

b1¼b2¼ b3¼b4¼ 0. For k 2 XY in the AFM insulator
*Or, in the case of an easy-plane AFM (EP AFM), for H0 aligned along the

hard magnetic axis.
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model under consideration (Eqs. (3) and (4)), independent

propagation of normal TM or TE polaritons is possible. If, fol-

lowing Ref. 6, we introduce the unit vectors q and b along the

normal to the interface and along the line of intersection of

the sagittal plane and the boundary plane between the media

(qb¼ 0), then the wave vector k in the sagittal plane can be

represented as k¼ k?bþ kkq. Based on the covariant method6

for I0 k E0 � XY (H0 k m0 k OZ), the corresponding disper-

sion relations take the form (k0 � x=c, u is the misorientation

angle of the vectors I0, E0, such that cos u¼ 1 for E0 k OY)

For a TM wave:

kk þ
exxcpko þ ðeyy � exxÞk? cos u

ek

" #
sinu

( )2

�
k2

0ekDp � eyye2
xxðcpcos u� k?Þ2

exxe2
k

" #
¼ 0 ;

for a TE wave:

kk þ
lxxcsko þ ðlyy � lxxÞk? cos u

lk

" #
sinu

( )2

�
k2

0lkDs � lyyl
2
xxðcscos u� k?Þ2

lxxl
2
k

" #
¼ 0 : (5)

Here

cp � ko

exxb4 � e�b1

exx
; Dp � ðexxeyy � e2

�Þ ðexxlzz � b2
1Þ ;

ek � eyycos2u þ exxsin2u ; (6)

cs � ko

l�b2 � lxxb3

lxx

; Ds � ðlxxlyy � l2
�Þ ðlxxezz � b2

2Þ ;

l k � lyycos2u þ lxxsin2u : (7)

Assuming the XY-plane as a sagittal, let us further con-

sider a three-layer structure in which two identical nonmag-

netic optically isotropic half-spaces are separated by a layer

of the AFM under consideration of thickness d. Material

equations for a nonmagnetic medium have the form

D ¼ ~eE; B ¼ H : (8)

In this case, due to Eqs. (3) and (4), the refractive prop-

erties of the interface between magnetic and nonmagnetic

media depend on the orientation of E0 in the sagittal plane.

Calculation based on the covariant method6 shows that in

the considered case of an AFM layer in an infinite isotropic

medium, the amplitude transmission coefficient for a TM or

TE wave takes the form

Wa ¼
2 ~Za

ðTa
11 þ Ta

22Þ ~Za � ðTa
21 þ Ta

12
~Z

2

aÞ
; (9)

where Ta
ik is the transition matrix that relates the tangential

components of the electric and magnetic fields in a TM or

TE wave on the surfaces of the AFM layer of thickness

d (a¼ p, s)

Ta
ik ¼ expð6i~cadÞ

coshðgadÞ þ Zaþ þ Za�
Zaþ � Za�

sinhðgadÞ � 2

Zaþ � Za�
sinhðgadÞ

2ZaþZa�
Zaþ � Za�

sinhðgadÞ coshðgadÞ � Zaþ þ Za�
Zaþ � Za�

sinhðgadÞ

0
BBB@

1
CCCA; (10)

g2
p �

eyye2
xxðcpcos u� k?Þ2 � k2

0ejjDp

exxe2
jj

;

g2
s �

lyyl
2
xxðcscos u� k?Þ2 � k2

0ljjDs

lxxl
2
jj

;

(11)

~cp ¼ � exxcpk0 þ ðeyy � exxÞk?cos u
ejj

" #
sinu;

~cs ¼ �
lxxcsk0 þ ðlyy � lxxÞk?cos u

ljj

" #
sinu:

(12)

Here, Zaþ and Za� are the surface impedances (admittances)

for a normal TM (TE) polariton wave on the upper and lower

boundaries of the AFM layer,10–13 ga � ImðkkaÞ, kka is the

solution of Eqs. (5)–(7) with respect to kk for given x and k?.

Thus, if simultaneously E0 6¼ 0 and E0 ? H0, then, as

follows from Eqs. (3), (4), (11), and (12), in the case of the

AFM plate, the transmittance for a TM or TE wave is not

only nonreciprocal with respect to the sign inversion of the

incidence angle (like in the case of E0¼ 0 and H0 6¼ 0), but

also with respect to the sign inversion of (E0q). The selection

of sign for the wave transmitted through the plate (wave vec-

tor projection on the direction of q) with polarization a¼ p, s

Low Temp. Phys. 40 (1), January 2014 Levchenko et al. 51
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in the AFM medium is carried out by taking into account the

Sommerfeld–Mandelstam radiation principles.14

3. Relation between the conditions for half-wave transmis-
sion through the layer and the spectrum of the escaping
waveguide magnetic polaritons of the plate

On the external parameter plane, frequency x—trans-

verse wave number k?, the boundaries separating the regions

of bulk and evanescent waves of TM (TE) type in the uncom-

pensated antiferromagnet under consideration, Eqs. (2)–(4),

are determined from Eq. (11) as ga¼ 0. Based on Eq. (9), the

condition for the complete transmission of a TM (TE) wave

through the AFM plate (jWaj ¼ 1) can be written as

ðTa
11 þ Ta

22 � 2Þ ~Za ¼ Ta
21 þ Ta

12
~Z

2

a: (13)

From Eqs. (10) and (13) it follows that the complete

transmission takes place in the case when an electromagnetic

wave incident from outside has such values of the external

parameters x and k? that the layer is half-wave thick

~k jjad ¼ p�; � ¼ 1; 2…; g2
a � �~k

2

jja: (14)

Since for the x and k? under consideration the media

external to the plate is optically denser than the AFM, the

vanishing of the denominator in the transmission coefficient

Eq. (9),

ðTa
11 � Ta

22Þ ~Za � ðTa
21 þ Ta

12
~Z

2

aÞ ¼ 0; (15)

determines the spectrum of the bulk polariton TM (TE)

wave, escaping into both the upper and lower half-spaces

bordering the plate (in this case, there is no bulk wave inci-

dent from outside (see also Ref. 15)). If, on the other hand,

we consider the case when in the upper medium there is only

a bulk wave with polarization a¼ p, s incident without

reflection on the transparent plate and then transmitted to the

lower half-space, the solution of this boundary value prob-

lem for the AFM layer under study is, instead of Eq. (15),

ðTa
11 þ Ta

22Þ ~Za þ ðTa
21 � Ta

12
~Z

2

aÞ ¼ 0; (16)

i.e., for every ~Za, the condition for half-wave transmission

(14) is fulfilled.

This means that Eq. (16) determines the spectrum of

normal magnetic TM (TE) polaritons in a plate with a sym-

metrical environment and a special type of boundary condi-

tions: For given x and k?, a bulk electromagnetic wave of

the same polarization (a¼ p or a¼ s) is incident on one sur-

face of the plate and emitted from its other surface.

Moreover, despite the fact that such a polariton wave in the

layer (Eq. (16)) is leaky, it is not attenuated during its propa-

gation along the plate due to the compensation (in contrast

to Eq. (15)) by the energy fluxes associated with the electro-

magnetic waves incident on the plate (source) and radiated

from the plate (drain). It is appropriate to note that despite

the presence of the incident and transmitted waves, the num-

ber of independent amplitudes in this case is formally equal

to the number of boundary conditions, as it should be, when

calculating the spectrum of normal oscillations.16

On the plane of external parameters x and k?, the condi-

tion for the half-wave transmission of bulk TM or TE polari-

tons through the AFM plate, Eqs. (14), (11), and (12), in

mutually orthogonal crossed magnetic and electric fields can

be represented in the following form for the Voigt geometry

(I0kE0)

ðk? � cpcosuÞ2 þ p�
d

� �2 e2
jj

eyyexx
¼ k2

0

ejjDp

eyye2
xx

; (17)

ðk? � cscosuÞ2 þ p�
d

� �2 l2
jj

lyylxx

¼ k2
0

ljjDs

lyyl2
xx

: (18)

From these relations it follows that on the plane x–k?,

depending on the polarization (TM or TE type), the regions

of existence of bulk waves are limited by Eqs. (17) and (18)

for �¼ 0. From the analysis of Eqs. (5)–(7) it follows that,

since caðH0Þ ¼ �cað�H0Þ and caðE0qÞ ¼ �cað�E0qÞ, the

spectrum of normal magnetic polaritons of TM and TE type,

Eqs. (17) and (18), is not symmetric under the inversion of

the direction of wave propagation. In case where simultane-

ously jE0j ¼ jH0j ¼ 0, the effects of non-reciprocity of the

polariton spectrum, Eqs. (17) and (18), are absent.

Let us introduce for a given type of polarization a¼ s, p
the characteristic frequencies xax, xay, XaA, XaB, xak, and

the wave number k�?a by using the following relations:

k�?a ¼ k0cacosu ; XaB � maxfXa1;Xa2g;
XaA � minfXa1;Xa2g; lyyðxsyÞ ¼ 0;

lxxðxsxÞ ¼ 0; eyyðxpyÞ ¼ 0; exxðxpxÞ ¼ 0;

ejjðxpjjÞ ¼ 0; ljjðxsjjÞ ¼ 0;

(19)

lyyðXs1ÞlxxðXs1Þ � l2
�ðXs1Þ ¼ 0;

eyyðXp1ÞexxðXp1Þ � e2
�ðXp1Þ ¼ 0;

lxxðXs2ÞezzðXs2Þ � b2
2ðXs2Þ ¼ 0;

exxðXp2ÞlzzðXp2Þ � b2
1ðXp2Þ ¼ 0:

(20)

As follows from Eqs. (17) and (18), the frequencies xax

and xay (a ¼s, p) correspond to the short-wavelength

(k !1) points, while x¼xak (for k? ¼ k�?a) corresponds

to the long-wavelength points of accumulation of the spec-

trum. The location of these points in the plane of external pa-

rameters frequency–wave number for a given value of H0

significantly depends not only on the magnitude but also on

the orientation of E0 in the sagittal plane. As a result,

depending on the mode number �, frequency interval,

and value of the wave number, a bulk polariton wave

propagating in the AFM plate, Eqs. (17) and (18), may be ei-

ther the forward (k?@x=@k? > 0) or the backward

(k?@x=@k? < 0) one. Thus, the direction of energy transfer

in the plane of the plate can be changed by changing the rela-

tive orientation of E0 in the plane of incidence. For the

wavenumbers corresponding to k�?aðxÞ, the dispersion

curves of the normal magnetic polaritons of TE and TM

types, Eqs. (17) and (18), respectively, exhibit the extremum

points (maximum or minimum) (Fig. 1). In particular, for

0 < x � xax, the bulk polaritons of TM or TE type propa-

gating along the AFM plate have short-wavelength accumu-

lation point of the spectrum at xax, while for k�?aðxÞ the
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wave with a given mode number � has a minimum. In other

words, depending on the magnitude and sign of k?, the

regions of the considered dispersion curve may correspond

to forward as well as backward wave.

As the conducted analysis shows, in the frequency range

xax < x < maxfxay; XaAg, the characteristics of the consid-

ered bulk waves of TM and TE type significantly depend on

the relative magnitude of the long-wavelength accumulation

point of the spectrum xak and the characteristic frequencies of

Xa1, Xa2, and xay. For a given magnitude and orientation of

H0 and E0, several qualitatively different cases for the polari-

ton wave with polarization a¼ s, p propagating along the

AFM plate are observed under the conditions (Figs. 1(a)–1(c)

XaB > xay > xak > XaA > xax; (21)

XaB > xay > XaA > xak > xax; (22)

XaB > XaA > xay > xak > xax: (23)

Moreover, while for the wave of TE type, the consecu-

tive application of conditions (21)–(23) corresponds to an

increase in the magnitude of E0 (for jH0j fixed), for the TM

wave this corresponds to a decrease in the magnitude of E0.

Let us consider the peculiarities of the propagation of bulk

magnetic polaritons, Eqs. (17) and (18) subject to Eqs.

(21)–(23), assuming that for a TE wave (E0q) < 0, whereas

in the case of TM wave**, (E0q) < 0. The filled areas in

Figs. 1(a)–1(c) correspond to bulk waves, whereas the blank

areas correspond to evanescent waves. The boundary

between the regions (dashed line in Fig. 1) is determined

from Eqs. (17) and (18) as �¼ 0.

4. Relation between the conditions for resonant
transmission and the local geometry of the surface of wave
vectors

As follows from Eq. (9), in the case when the half-spaces

are identical and condition (14) is fulfilled, the amplitude of

the reflected TM (TE) wave vanishes, while the electromag-

netic wave transmitted through the AFM plate has the

absolute value equal to the incident one and differs from it

only by its phase (taking into account, whether it is incident

on the top or bottom surface of the plate). For a given magni-

tude and orientation of H0 and E0 and the wave number k?,

such a non-reciprocity effect is related to the condition

Ta6 ¼ expði½~ca6~k jja�dÞ; (24)

i.e., without changing the angle of incidence, the phase

shift of the wave transmitted through the plate can be con-

trolled by external magnetic and electric fields (WaþWa�
¼ expð2i~cadÞÞ. The magnitude and sign of the phase of the

TM or TE wave transmitted through the plate are determined

by the location of the surface of wave vectors (SWV) in the

k-space for an infinite AFM in the same geometry. Note that

the discussed phase shift and its non-reciprocity with respect

to “top-bottom” inversion of the incidence angle also occur

in the case of jH0j ¼ 0 when the tilt angle of I0 (caused by

the tilt of E0) in the sagittal plane differs from 0 and p/2.

It is well known (see, e.g., Ref. 16) that, for given x and

k?, the normal to the cross-section of the SWV by the sagit-

tal plane determines the direction of the energy flux carried

by the wave. Thus, to analyze the direction of the energy

flux carried by the TM (TE) wave along the plate (and hence

the type of the wave, forward or backward) under the condi-

tions (14), (17), and (18), it is practical to proceed from the

cross-section of the SWV of a polariton of given polarization

by the sagittal plane (in this case, k 2 XY).

For an optically isotropic nonmagnetic insulator surround-

ing the plate, the cross-section of the SWV of a normal TE or

TM wave by the incidence plane is defined by the expression

k2
? þ k2

jj ¼ k2
0~e: (25)

In this case, the refractive properties of the AFM inter-

face depend on the misorientation angle u of the vector I0

(the direction of E0) with respect to the positive direction of

the outer normal q in the sagittal plane XY. Assuming that

the wave frequency x is fixed, from Eqs. (5)–(7), (19), and

(20) it follows that for an infinite (as well as a semi-infinite)

easy-axis AFM with a center of symmetry and the selected

magneto-optical configuration, the corresponding ratio for

the cross-section of the SWV of both TM and TE waves by

FIG. 1. Spectra of the normal bulk magnetic polaritons (solid numbered lines, � ¼ 1; 5) of the half-wave AFM layer for I0 k E0 � XY, k � XY, H0 k OZ which

correspond to the conditions: Eq. (21) (a), Eq. (22) (b), and Eq. (23) (c).

**The sign change of (E0q) corresponds to the substitution k? ! �k? in the

spectra shown in Fig. 1.
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the sagittal plane in the particular case of I k E0 k n k OY
has the form

ðk? � caÞ2

a2
a

þ
k2
jj

b2
a
¼ 1; a2

s �
Dsk

2
0

l2
xx

; b2
s �

Dsk
2
0

lxxlyy

;

a2
p �

Dpk2
0

e2
xx

; b2
p �

Dpk2
0

exxeyy
; (26)

where, taking into account Eqs. (4) and (5)

a2
s ¼ ez0k2

0

ðX2
s1 � x2ÞðX2

s2 � x2Þ
ðx2

sx � x2Þ2
;

a2
p ¼ ey0k2

0

ðX2
p1 � x2ÞðX2

p2 � x2Þ
ðx2

px � x2Þ2
;

b2
s ¼ ez0k2

0

ðX2
s1 � x2ÞðX2

s2 � x2Þ
ðx2

sy � x2Þðx2
sx � x2Þ ;

b2
p ¼ ex0k2

0

ðX2
p1 � x2ÞðX2

p2 � x2Þ
ðx2

py � x2Þðx2
px � x2Þ ;

cs ¼ �k0

Rx2
sx

x2
sx � x2

; cp ¼ k0

Tx2
px

x2
px � x2

;

(27)

where

T � 4p
ffiffiffiffiffiffiffiffiffi
RyTz

p
; R � 4p

ffiffiffiffiffiffiffiffiffi
TyRz

p
;

ex0 ¼ 1þ 4pax0; ey0 ¼ 1þ 4pay0; ez0 ¼ 1þ 4paz0:

In our case, the sagittal plane coincides with the easy

magnetic plane for the equilibrium antiferromagnetic vector.

Moreover, in this model, for any orientation of the external

electric field E0 within this plane, it holds that I0 k E0. Thus,

a change in the relative orientation of the vectors I0 (E0) and

q in the sagittal plane by an angle u (cosu � E0q=jE0 k qj)
in the k-space corresponds to the rotation of curves (26) and

(27) about the origin by the same angle. As a result, the

cross-section is described by the full equation of a second

order curve. In other words, if H0 ? E0 and (E0q) 6¼ 0, then

inside the AFM plate under consideration, for given x and

k?, subject to Eqs. (17) and (18), the bulk TM (TE) waves

incident and reflected from the same boundary have a

different period of spatial oscillations along the direction of

the outward normal.

It is straightforward to see that in this case, for (E0q) 6¼ 0

and jH0j 6¼ 0, for a wave with the polarization a, the direction

and changes in the energy flux carried by a TM (TE) wave

along the half-wave AFM plate are determined not by the

structure of the SWV for the semi-infinite AFM, Eqs. (26)

and (27), but by the SWV of the layer in the same geometry.

This SWV differs by the fact that in it, for given x and k?,

the projection of the inverse phase velocity on the direction

q ð~kkaðk?;xÞÞ is equal to the half-difference of the projec-

tions on the same direction of the inverse phase velocities

corresponding to the SWV for a semi-infinite AFM in the

same geometry

½k? � k0cacosu�2

~a2
a

þ
k2
jj

~b
2

a

¼ 1; ~b
2

s � b2
s

lyy

ljj
; ~a2

s � a2
s

ljj
lyy

;

~b
2

p � b2
p

eyy

ejj
; ~a2

p � a2
p

ejj
eyy
: (28)

Thus, the cross-sections of the SWV of a TM (TE) wave

by the sagittal plane of the SWV for the half-space, Eq. (26),

and the layer, Eq. (28), are different (Fig. 2). In particular,

for given x and k? on this cross-section for a TM (TE)

wave propagating in the AFM layer, the points at which

ðb@x=@kÞ ¼ 0 can move, disappear and reappear.

Moreover, the points in the plane x–k? for which on the

SWV of the half-space ðq@x=@kÞ ¼ 0 (limiting wave) are

conserved also for the SWV of the layer. If, for a wave of

given polarization, there is a k? at which the direction of the

group velocity vector differs by p at the corresponding

points on the cross-section of the SWV of the half-space, Eq.

(26), then, for a given x, same value of k? determines the

position of the center of the SWV of the layer, Eq. (28) on

the corresponding axis in the k-space.

Using the Sommerfeld–Mandelstam radiation principle

for the calculation of the transmission coefficient (see Ref.

14), one should consider the possibility that the energy flux

carried by such a wave is directed along the inner normal to

the curve, which determines the cross-section of the SWV

by the sagittal plane. In this model of the AFM media, such

an effect is, in particular, possible when the frequency of the

FIG. 2. Cross-sections of the SWV for the AFM half-space, Eq. (26), (dashed line) and for the AFM layer, Eq. (28), (solid line) in the case of I0 k E0 � XY, k

� XY, H0 k OZ (~a2
aa2

a > 0, ~b
2

ab2
a > 0). The cross-section of the SWV of a non-magnetic insulator is shown as a dash-dotted line. ~b

2

a > 0; ~a2
a > 0 (a), ~b

2

a < 0;

~a2
a > 0 (b), and ~b

2

a > 0; ~a2
a < 0 (c).
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TM (TE) wave incident from outside satisfies the condition

(see Fig. 1(c))

xay < x < XaA: (29)

If, taking into account the Sommerfeld–Mandelstam

radiation principle for given x and k?, the projection of the

group velocity vector on the direction of propagation b is

positive for the SWV of the layer (Eqs. (27) and (28)), then

the corresponding bulk electromagnetic wave propagating

along the plate (Eqs. (17) and (18)) is a forward wave

(k?@x=@k? > 0). Otherwise the bulk electromagnetic wave

in the plate is of the backward type (k?@x=@k? < 0). There

is no one-to-one correspondence between the type of the

wave in the AFM plate (Eqs. (17) and (18)) and the sign of

the projection of the group velocity vector for the

cross-section of the SWV of the half-space (Eqs. (26) and

(27)) for given x and k?.

It should be noted that in all the cases considered in the

present work, the out-of-the-sagittal-plane component of the

energy flux is exactly zero.

5. Condition for the half-wave transmission through the
plate and the polariton spectrum of the layer with extreme
values of the surface impedance

From Eq. (16) it follows that, for x and k? satisfying

Eqs. (14), (17), and (18), it is unimportant, whether the TM

(TE) wave is bulk or evanescent in the medium in which the

plate is embedded. This means that the relations (14), (17),

and (18) can be fulfilled also in the case when, for given x
and k?, the medium outside of the plate is optically less

dense than the material of the plate. Let the values of the

external parameters of the problem, x and k?, be such that,

for the wave in the layer, the conditions for total internal

reflection (TIR) are simultaneously satisfied on both surfaces

of the AFM plate of thickness 2d. In this case, as follows

from Ref. 15, for the waveguide propagation of a TM (TE)

wave, within the geometric-optic approach, the following

relation should be fulfilled

2ðua
Aþ þ ua

A�Þ þ 2~k jjad ¼ 62�p; � ¼ 1; 2…; (30)

where ua
A6 is the phase jump upon reflection for a wave inci-

dent from the AFM (denoted as “A”) to the upper (“þ”sign)

or lower (“�” sign) half-space. “6” in the right-hand side of

Eq. (30) is chosen depending on the presence or absence of

the effect of negative phase velocity upon reflection. Thus,

if, within the AFM layer under consideration, the phase shift

for a bulk TM (TE) wave upon sequential reflection from the

surface under TIR condition satisfies the relation

ua
Aþ þ ua

A� ¼ 0; (31)

then the bulk wave (30) will have the same polariton spec-

trum as a half-wave plate of the same thickness under reflec-

tionless transmission (Eqs. (14), (17), and (18)). A special

case of Eq. (31) is jua
Aþj ¼ jua

A�j ¼ 0. According to the ter-

minology commonly used in the theory of metasurfaces,2

this condition corresponds to the magnet–perfect conductor

interface for a TM wave ( ~Zp ¼ 0) and to the magnet–perfect

magnet interface ( ~Zs ¼ 0) for a TE wave. Thus, the

condition for the reflectionless transmission of a wave with

polarization a through a half-wave layer formally determines

the spectrum of normal TM (TE) polaritons of the plate of

the same thickness, provided that the boundary conditions

on its both surfaces correspond to the perfect metal (in the

case of a TM wave) or the perfect ferromagnet (in the case

of a TE wave). It should be noted that in this case, for the

wave in the layer, on both surfaces of the plate the instanta-

neous energy flux through the magnet–non-magnet interface

is zero at any time. As a result, neglecting dissipation, the

condition of the reflectionless transmission of the wave with

polarization a¼ p, s through a half-wave layer can be sum-

marized as follows: The plate is transparent to a TM (TE)
wave incident from outside if the frequency and tilt angle
match the polariton spectrum of the layer, on both surfaces
of which either the wave impedance (for a TM wave) or the
wave admittance (for a TE wave) vanishes. In this form, this

condition can be regarded as an electromagnetic analogue of

the “matching rule” that is valid for the transmission of a

longitudinal elastic wave through a solid plate in a fluid.17

6. Fano resonance for bulk magnetic polaritons

As follows from Eq. (9) and (10), the transmission coef-

ficient squared has the following structure outside of the TIR

region:

jWaj2 ¼
1

Nasin2ð~k jjadÞ þ 1
;

~k jjad ¼ p�; � ¼ 1; 2:

(32)

As a result, in the case of Eq. (14) and Na� 1, we

expect to observe narrow peaks corresponding to the com-

plete transmission of a bulk electromagnetic wave with

polarization a¼ p, s on the background of almost total reflec-

tion. One of the additional mechanisms of formation of the

total reflection of a bulk TM (TE) electromagnetic wave

incident from outside on the AFM plate is the Fano reso-

nance.18,19 Physical basis for the occurrence of this effect in

the considered model is the possibility of degeneracy

between the modes of the spectrum of bulk magnetic TM

and TE polaritons propagating along the AFM plate for the

specific values of the x–k? pair (see, e.g., Eqs. (17) and

(18)). This degeneracy is removed in the presence of some

additional disturbance either in the bulk of the plate or on its

surface, which due to its symmetry will prevent independent

transmission of bulk TM (TE) waves through the AFM plate

in the considered magneto-optical configuration.

Ez

H?
Hz

E?

0
BB@

1
CCA
��������
d

¼ ��M

Ez

H?
Hz

E?

0
BB@

1
CCA
��������
0

; ��M � ��M0 þ d ��M;

��M0 �
Ts

ik 0

0 Tp
ik

� �
:

(33)

Here ��M and d ��M are the full transition matrix 4 � 4 and the

perturbation matrix which relate the components of magnetic

and electric fields tangential to the interface. The vector-

columns refer to the upper and lower surfaces of the plate of
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thickness d, A? is the component of the vector A collinear to

the normal to the sagittal plane.

Thus, it follows from Eq. (33) that the condition to

which the frequency x and the transverse wave number k?
of the bulk TM (Wp¼ 0) or TE (Ws¼ 0) wave incident from

outside on the AFM plate should simultaneously satisfy

under the discussed type of Fano resonance is defined by Eq.

(15) for a¼ s or a¼ p, respectively (the influence of addi-

tional perturbation is thus neglected).

7. Conclusion

In summary, if a transparent plate of a centrosymmetric

AFM in the "spin-flop" phase (q is the normal to the plate sur-

face) is placed into the mutually orthogonal magnetic H0 and

electric E0 fields (E0 lies in the sagittal plane), then for a bulk

TM (TE) electromagnetic wave incident on the plate from

outside in the Voigt geometry the following conditions hold.

1. For a given wave frequency x the half-wave transmission

condition is non-reciprocal with respect to the sign inver-

sion of the angle of incidence (k? $ �k?). In addition,

for given x and k?, the absolute value of the phase of the

transmission coefficient Wa is non-reciprocal with respect

to the sign inversion of E0q.

2. The kinematic properties of the transmission of a bulk

TM (TE) wave through a half-wave layer are uniquely

related to the local geometry of the cross-section by the

sagittal plane of not only the SWV of the half-space, but

also the SWV of the layer. For given x and k? the

cross-section of the SWV of the layer is defined as the

half-difference of the corresponding values of (kq) on the

cross-section of the SWV of the half-space.

3. For a given frequency x, the transverse wave number k?
corresponding to the center of the SWV of the layer has

the property that the projection of the energy flux on the

wave propagation direction is zero. At this value of k?,

the points on the SWV of the half-space have the property

that the projection of the energy flux on the direction of

the wave propagation along the plate is an odd function of

the sign of the normal q to the interface.

4. For the wave transmitted through the half-wave plate, the

sign and magnitude of the phase shift in Wa are deter-

mined by the Sommerfeld–Mandelstam radiation condi-

tions and the local geometry of the cross-section of the

SWV of the half-space by the sagittal plane. The sign of

the phase shift upon multiple reflections in the plate is

defined by the cross-section of the SWV of the layer and

may change in the presence of the negative phase velocity

effect (or left-handed medium conditions are realized).

5. The sign change of the group velocity (and hence the

change in the wave type, forward or backward, for a wave

of TM (TE) polarization in the half-wave plate) is deter-

mined by the points on the SWV of the layer for which, in

the considered sagittal plane, the projection of the group

velocity on the interface plane is zero. In this case, such

points might not exist in the cross-section of the SWV of

the half-space by the sagittal plane, or they might corre-

spond to different values of k?.

6. The condition of the half-wave transmission is equivalent

to the dispersion relation for bulk polaritons in the consid-

ered AFM plate which has either zero surface wave

impedance (for TM waves) or zero surface wave admit-

tance (for TE waves). This condition is an electromag-

netic analogue of the matching rule for an elastic wave

incident from outside on a solid plate in liquid.

7. The condition for the half-wave transmission of a bulk

TM (TE) wave through the plate is identical to the spec-

trum of a particular type of escaping bulk polaritons. For

these values of the x–k? pair, when a bulk TM (TE)

wave is incident on one surface of the plate embedded

into symmetrical surrounding, there is no reflected wave,

however, there exist a bulk wave of the same polarization

emanating from another surface of the plate and carrying

the energy into the lower half-space. Because in this case

the wave is not damped in the plate and the number of in-

dependent amplitudes is equal to the number of boundary

conditions, it can be argued that the condition for the

half-wave transmission through the plate corresponds to

the spectrum of the same type as that of normal polaritons

in the plate for the aforementioned specific type of bound-

ary conditions.

8. There exist frequency intervals in which, for a bulk TM

(TE) wave with given x and k?, the direction of the

energy flux transported along the plate is reversed upon

sign inversion of H0 orthogonal to the sagittal plane or

upon sign inversion of E0q.

9. For a bulk TM (TE) wave incident from outside on the

AFM plate, conditions for the Fano resonance can occur:

The total reflection of the incident TM (TE) wave from

the plate accompanied by the resonant excitation of a

propagating wave of a TE (TM) type, respectively, in the

AFM plate. The required prerequisite is the presence of a

weak perturbation which disturbs the condition for the in-

dependent propagation of normal magnetic polaritons of

s- and p-polarization in the AFM environment.

The obtained results can be applied to plates of bianiso-

tropic media the constraint equations of which are structur-

ally similar to Eq. (3), while the magneto-optical

configuration allows independent propagation of waves of

TM and TE types. This primarily relates to magnetic and fer-

roelectric structures, as well as other types of “field-

transforming” environments (in particular, specific types of

electromagnetic metamaterials) according to the classifica-

tion in Ref. 20.

In the case of EP AFM (b < 0 in Eq. (2)) similar features

should be observed in the spectra of the considered bulk

waves. Their detailed analysis (as well as the theoretical

study of the Fano resonance in the AFM environment

involving surface or bulk polaritons, which is controlled by

external magnetic and electric fields) will be presented in a

separate paper.
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