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We discuss the effect of weak dissipation on the system with Arnold diffusion which consists
of two coupled twist maps. The finite time Lyapunov exponents are used to analyze the
dynamics. We observe the phenomenon of transient chaos and changes in the phase space
structure including the disappearance of some resonances.
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1. Introduction

It is well known that dissipative and
conservative systems demonstrate dramatically
different types of dynamics. In particular, chaos
in non-integrable conservative systems can be
observed for almost any parameters, but typically
in a very narrow region of the phase space.
Otherwise, in dissipative systems chaos appears
only in the specific range of parameters but the
basin of the chaotic regime usually is rather
large [1-4]. If one introduces a small dissipative
perturbation into a conservative system it goes
into a specific ”borderline” state, where both
features of conservative and dissipative dynamics
should be observed in some way. The peculiarities
of systems with weak dissipation including the
coexistence of large number of regular attractors
and scenarios of transition to chaos were studied
in several recent works [5-16]. However, those
works mainly concern with the systems with
two degrees of freedom. At the same time the
structure of phase space of the systems with more
then two degrees of freedom differs significant
because the resonance layers intersect each other,
forming a dense web. It makes the diffusion
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possible for arbitrary small values of perturbation
(Arnold diffusion)[17].
The present work studies the effect of weak fixed
dissipation on the dynamics of a system with
Arnold diffusion.

2. Two coupled twist maps

Let us consider the system of two coupled
twist maps [18-20]:

φ1n+1 = φ1n + I1n ,

I1n+1 = I1n + ε ∂f
∂φ1

(φ1n + I1n , φ2n + I2n),

φ2n+1 = φ2n + I2n ,

I2n+1 = I2n + ε ∂f
∂φ2

(φ1n + I1n , φ2n + I2n).

(1)

Here f(φ1, φ2) =
1

cosφ1+cosφ2+4 . For small ε this
system can be interpreted as the Póincare map
with the section plane φ3=const for the system
with Hamiltonian Hε=

I21
2 + I22

2 +I3+εf(φ1, φ2)
which has three degrees of freedom. So parameter
ε can be interpreted both as the coupling
amplitude for coupled twist maps and the
non-integrable perturbation amplitude for
Hamiltonian system. The structure of the actions
plane (I1,I2) seems to be the most informative
because for an integrable system the orbit is
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completely determined by actions, so the actions
can be interpreted as parameters as well. Also
as for Hamiltonian system the frequency is
determined as ω = ∂H

∂I , own frequencies are equal
to actions in the system under investigation, so
the resonance conditions for system (1) can be
written as k1I1+k2I2+2πk3=0, where k1, k2, k3
are integer. Fig. 1 shows some of resonance lines.

FIG. 1. Resonance lines on the actions plane of the
system (1).

To investigate the system (1) we calculate
numerically the largest Lyapunov exponent and
plot its values on the actions plane (Fig. 2, upper
row). The resonance (Arnold) web formed by the
regions of chaotic regimes with largest values of
Lyapunov exponent is clearly seen. Also we can
see that the web structure becomes non-sharp
and Lyapunov exponent increases on the average
with the increase of coupling amplitude ε, which
indicates the growth of diffusion’s rate and is
rather natural as ε is non-integrable perturbation.
On the "action-angle" plane there is a typical set
of stochastic layers corresponding to the different
orders of resonances and KAM tori with the
diffusion over them due to high dimension of the
system (Fig. 2, lower row).

3. The effect of linear dissipation

Let us introduce linear dissipation into
initial system (1) as follows:

φ1n+1 = φ1n + I1n ,

I1n+1 = αI1n + ε ∂f
∂φ1

(φ1n + I1n , φ2n + I2n),

φ2n+1 = φ2n + I2n ,

I2n+1 = αI2n + ε ∂f
∂φ2

(φ1n + I1n , φ2n + I2n).

(2)

The Jacobian of the system (2) is equal
to α so the system is conservative for α=1
and dissipative if α<1. We obtain that regular
attractors (mainly fixed points and cycles) occur
in the system (2) when one introduces dissipation.
Although the number of coexisting attractors can
be rather large, the basin of fixed point in the
origin occupies the main part of phase space,
and only few of other attractors have appreciable
basins (see Fig. 3).

3.1. Chaotic transient process

In spite of attractors appearance, the
structure of actions plane is similar to that
for conservative case if we use finite time
Lyapunov exponent with not very long (approx.
1000 iterations) realization length (Fig. 4b). In
particular, the resonance web is clearly seen here
although it is not so sharp as on Fig. 2. This
structure disappears when the realization used for
calculation Lyapunov exponent becomes longer
(see Fig. 4a, 10000 iterations used). So we can
suppose that chaotic transient process takes place
in the system. Fig. 4c shows the dependence of
transition process duration (i.e. the number of
iterations required for initial point to came closer
then 10−6 to attractor) on the initial conditions
(the darker color means the greater number of
iterations.) We can see that the transition process
is the longest if point starts from initial conditions
taken from the resonance region.

Fig. 5 shows the dependence of finite time
Lyapunov exponent over the realization length
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FIG. 2. The values of largest Lyapunov exponent of the system (1) plotted on the actions plane (upper row) and
phase portraits in the plane of the "action-angle"(bottom row) at different values ε: а–b) ε=0.3; c–d) ε=0.6; e–f)
ε=0.8. More dark color is for larger Lyapunov exponent value.

FIG. 3. Attractors (a) and their basins (b) for the system (2) with α = 0.9999, ε=0.6. The attractors with largest
basins are marked with squares and triangles. Black color on fragment b means the basin of central attractor.
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FIG. 4. Maps for the system (2) with α = 0.999, ε=0.6. (a–b) maps of Lyapunov exponents and different values
N of realization length: N = 10000 (а), 1000 (b) iter. (c) Map of transition process duration. Numbered points
are the initial conditions used for orbits on Fig. 5.

N for orbits, starting from different points in
the plane (I1, I2), and corresponding phase
portraits. We can see that each plot consists
of two stages: on the first Lyapunov exponent
is definitely positive and changes in a complex
way, otherwise during the second stage Lyapunov
exponent decreases monotonically to zero. It
seems natural to refer the first stage as the chaotic
transient process and the second as regular
transient process. The plots are qualitatively the
same for all initial conditions except the close
vicinity of the attractors. On the phase portraits
(Fig. 5, right column) the first stage is marked
with black points and the second – with gray
points. We can see that during the chaotic process
the point moves along the resonance lines while
during the regular process the point moves near
the attracting fixed point. These results show that
a set with chaotic behavior exists and is situated
along the resonance lines in the action space
which results in the chaotic transient process.
The length of this process can be approximately
determined by the latest spike on the Lyapunov
exponent plot and its typical values are near 2000
iterations for the dissipation level α = 0.999. The
dependence of chaotic transient process length on

the initial conditions is shown on Fig. 6. This
figure is similar to Fig. 4c which means that the
chaotic transient process contributes significantly
to the whole transient process.

3.2. The degradation of resonances

Now let us study how the structure of
the chaotic set depends on the dissipation level
α. We plot the dependence of the finite time
Lyapunov exponents with realization length equal
to the chaotic transient time on initial conditions
(Fig. 7, upper row). For nearly conservative case
(α = 0.999), the resonant lines are clearly seen
although the structure is more diffuse then for
the conservative case (Fig. 2c) and the value of
the Lyapunov exponent increases in the center of
the plane.

It should be marked that some of the regions
of chaotic dynamics situated along the resonance
lines disappear with the increase of dissipation.
For example, a diagonal lines, clearly seen for α =
0.9, totally disappear at α = 0.5 (Fig. 7c, e), and
the resonant web becomes square lattice-like. Also
black areas, which correspond to negative values
of the finite time Lyapunov exponent (i.e., regular
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FIG. 5. Dependence of finite time Lyapunov exponent on the realization length N for points marked on Fig. 4c:
point 1 – a, b; point 2 – c, d; point 3 – e, f, and corresponding phase porters for the system (2) with α = 0.999,
ε = 0.6

FIG. 6: Map of the duration of the chaotic transition process for the system (2) for α = 0.999, ε = 0.6.

dynamics) , appear on the actions plane (Fig. 7e).
For larger dissipation values the number of cells
is reduced and the areas with regular dynamics
become larger.

4. Conclusion

It was found that although regular attractors
occur for even small values of dissipation (α =
0.999) the sets with chaotic behavior along the
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FIG. 7. Maps of dynamical regimes (upper row) and maps the duration of the transition process (lower row) for
the system (2) with ε = 0.6 and different values α: 0.999 (a–b); 0.9 (c–d); 0.5 (e–f). Color palettes for Lyapunov
exponent λ is in the top, color palettes for transient processes length are in the bottom.

resonance web still exist which results in chaotic
transition process. The structure of this set
changes with the increase of dissipation resulting
in the square lattice without diagonal directions.
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