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Suitably patterned single crystals made of the cuprate superconductor Bi2Sr2CaCu2O8+x (BSCCO),
intrinsically forming a stack of Josephson junctions, can generate electromagnetic radiation in the lower
terahertz regime. Because of Joule heating, the emission power of single stacks seems to be limited to val-
ues below 100 µW. To increase the radiation power, mutually synchronized arrays situated on the same
BSCCO base crystal have been studied. A maximum power of almost 1 mW has been achieved by syn-
chronization of three stacks. Mutual electromagnetic interactions via a connecting BSCCO base crystal
have been considered essential for synchronization, but the approach still suffers from Joule heating, pre-
venting the synchronization of more than three stacks. In the present paper we show, on the basis of two
emitting stacks, that mutual synchronization can also be achieved by standalone stacks contacted by gold
layers and sharing only a common gold layer. Compared with BSCCO base crystals, the gold layers have
a much higher thermal conductivity and their patterning is not very problematic. We analyze our results
in detail, showing that the two oscillators exhibit phase correlations over a range of ±0.4 GHz relative
to their center frequencies, which we studied mainly between 745 and 765 GHz. However, we also find
that strong phase gradients in the beams radiated from both the mutually locked stacks and the unlocked
stacks play an important role and, presumably, diminish the detected emission power due to destructive
interference. We speculate that the effect arises from higher-order cavity modes that are excited in the
individual stacks. Our main message is that the mutual interaction provided by a common gold layer may
open new possibilities for relaxing the Joule-heating problem, allowing the synchronization of a higher
number of stacks. The approach may also allow one to synchronize several stacks that are comparatively
small in size and less prone to the strong phase gradients we observed. Our findings may boost attempts
to substantially increase the output power levels of BSCCO terahertz oscillators.

DOI: 10.1103/PhysRevApplied.22.044022

I. INTRODUCTION

The cuprate superconductor Bi2Sr2CaCu2O8+x
(BSCCO), once properly patterned, is known to emit elec-
tromagnetic radiation in the range from 0.2 THz up to
a few terahertz. This frequency regime is highly inter-
esting for applications but only sparsely populated with
compact solid-state sources [1–4]. BSCCO is a layered
superconductor with alternating superconducting and insu-
lating sheets. A single crystal thus forms a natural stack
of intrinsic Josephson junctions (IJJs), with approximately
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670 junctions per micrometer of crystal thickness [5]. In
the resistive state, the supercurrents across each IJJ oscil-
late with frequency fJ = VJ/�0, where VJ is the voltage
across the junction and �0 is the flux quantum, �−1

0 =
483.6 GHz/mV. Provided that the IJJs can be phase-
synchronized, such a stack can act as a voltage-tunable
emitter of coherent electromagnetic waves. BSCCO emit-
ters have attracted great interest in recent years, both exper-
imentally [6–51] and theoretically [52–76]. For recent
reviews, see Refs. [77–81]. Coherent off-chip terahertz
emission in the frequency range between 0.5 and 0.85 THz
was first reported for rectangular and 1-µm-thick mesas
patterned on a BSCCO base crystal, with an extrapolated
output power of up to 0.5 µW [6]. The mesas were about
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300 µm long and several tens of micrometers wide. The
emission frequency was found to be inversely proportional
to the width of the stack, leading to the conclusion that
resonant cavity modes oscillating along the width of the
stack play an important role in synchronizing the junc-
tions in the stack. Later, a variety of cavity resonances
were found and analyzed [7,8,10,11,33,37,39,40,48,53,57,
58,69].

In addition to the mesa-type structures, IJJ stacks have
also been realized as standalone structures, where the
BSCCO stack is contacted by gold layers from both sides,
and sometimes also as z-type structures, where the stack
and contacting electrodes were patterned from a solid
BSCCO single crystal [30,80]. It further turned out for
all structures that Joule heating plays an important role
and for a large input power leads to the formation of a
hot spot, a region within the stack with a temperature
above the critical temperature Tc [7,10,17,19,21,59,63].
The hot spot can coexist with regions that are still super-
conducting and produce terahertz radiation. Joule heating
is also reflected in the shape of the current-voltage char-
acteristic (IVC) of the stack. For low bias currents, the
input power is moderate and the temperature distribu-
tion in the stack is almost homogeneous and close to the
bath temperature Tbath. In this “low-bias regime” the IVCs
exhibit a positive differential resistance. With increasing
current, because the out-of-plane resistivity of BSCCO
decreases with increasing temperature, the IVCs start to
back-bend, and above some threshold current the hot spot
forms and increases in size with increasing current and
input power (“high-bias regime”). Joule heating and the
presence of a hot spot affect radiation. On the one hand,
it is found that the linewidth of radiation is much lower
in the presence of the hot spot [16], and in addition the
emission frequency becomes tunable by manipulation of
the hot spot’s size and position [25–27]. On the other
hand, Joule heating limits the maximum voltage across
the junctions and thus the maximum emission frequency.
Joule heating also limits the total number of junctions
N in the stack and thus the maximum emission output
power, which ideally should scale in proportion to N 2.
Thermal management thus became an issue over the years.
Originally, the IJJ stacks were realized as mesa structures
patterned on BSCCO single crystals that were just glued
with epoxy resin to a cooled substrate [6]. To improve
cooling, the crystals have for example, been soldered to
Cu substrates [31], and double-sided cooling techniques
have been applied to standalone stacks [23,24,28,29]. In
this way, output powers of several tens of microwatts
have been achieved. The maximum emission frequen-
cies increased to 2.4 THz and N increased to around
3000.

Even after improvements, the maximum emission fre-
quencies seem to be limited to values below 2.5 THz
and the maximum emission power seems to be limited to

values below 100 µW for the large structures described
above. In terms of emission frequencies, substantially
higher values of up to 11 THz have been obtained by the
use of stacks with much smaller in-plane dimensions of
around 10 µm consisting of only around 200 IJJs [36].
The radiation-power efficiency for the typically used IJJ
stacks is presently well below 1%, perhaps with one excep-
tion [44]. To increase this efficiency, the use of properly
designed antenna structures [38,45–47,62,72–74,82], or
the use of resonators [43] has been proposed and partially
realized.

The third approach, which can presumably be com-
bined with the former ones, is to mutually phase-lock
planar arrays of stacks located on the same chip, like
for arrays of conventional Josephson junctions [83–88].
The present paper intends to contribute to this approach.
Criteria to distinguish locked states from unlocked ones
include the narrowing of the linewidth of radiation, the
increase of the emitted radiation power, the comparison
of the dc voltages across the stacks, and the change in
the angular dependence of the polarization of the emitted-
radiation patterns. Presently, the amount of literature on
coupled IJJ stacks is modest [12,20,30,42,64,65,75,76,89].
In Ref. [30], the mutual interaction of two z-type structures
was investigated, but no clear signatures of mutual phase-
locking were found. References [12,20,42,64,75,76] con-
sidered mesa-type structures. Clear evidence for mutual
phase-locking was given in these pioneering studies, and
it was concluded that the common base crystal is required
to provide an electromagnetic interaction via Josephson
plasma waves propagating in the base crystal. In partic-
ular, Ref. [20] reported an output power of up to 0.63
mW for an emission frequency of 0.51 THz for synchro-
nization of three adjacent mesas, with a spacing of 60
µm between the mesas. The main obstacle to mutually
synchronize more stacks is still Joule heating, which is
reinforced by the poor thermal conductance of the BSCCO
base crystal but, on the other hand, seems to be necessary
for mutual coupling. Below, we report on the synchro-
nization of two standalone stacks that share a common
Au base electrode, with a spacing between the stacks of
200 µm. The data show that a common base crystal and
thus an interaction via Josephson plasma waves is not
required for mutual electric coupling. In the present exper-
iment, the stacks including the gold layer were mounted
on the sample holder with the use of epoxy resin, as in
the experiments performed with mesas. Consequently, the
effect of self-heating is still strong. Throughout this paper,
we analyze this geometry to describe our data. However,
an important message is that the common gold electrode
could be made thicker and brought into a thermally-
well-conductive metallic contact to a thermally anchored
substrate. Such a revised geometry could relax the noto-
rious heating problem to synchronize a larger number of
stacks.
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II. SAMPLES AND EXPERIMENTAL
TECHNIQUES

The sample investigated is patterned from a slightly
underdoped BSCCO single crystal, with Tc of 86 K. The
stacks are realized as gold-BSCCO-gold structures, with
the use of a procedure similar to the one described in Ref.
[23]. In brief, a thin flake of the crystal is glued with epoxy
resin onto a 1-mm-thick sapphire substrate. The upper lay-
ers are removed with the use of adhesive tape and the
new crystal surface is covered by about 200 nm of gold
(thermal evaporation). With the use of optical lithography
and argon-ion etching, five rectangular mesas are patterned
onto the gold-covered BSCCO. Another sapphire substrate
is glued onto them, and then the first substrate is removed,
cleaving off the common base crystal. Another gold layer
with a thickness of 70 nm is evaporated onto the fresh
BSCCO surface.

By optical lithography, followed by ion etching, the
width of this film is reduced to 300 µm along the long side
of the IJJ stacks, the latter protruding about 150 µm on
both sides from the gold. These parts are etched down until
the lower gold layer is accessible. The remaining parts of
the lower gold layer are used to individually make elec-
trical contact to the stacks, while the upper, 70-nm-thick
gold layer, still stretching across all stacks, is used as com-
mon ground. A sketch of the completely fabricated sample
is shown in Figs. 1(a) and 1(b). The sample includes five
stacks in total. For the experiments, we used only stacks a
and b, located on the left of the sketches. An optical image
of these stacks is shown in Fig. 1(c). The contacts to the
neighboring stack c had a short, while stacks d and e had
reasonably looking IVCs but exhibited only an extremely
small emission power that could not be evaluated further.
A readjustment of the optical path (after the lens) did not
lead to an increase of the emission power of stacks d and e;
thus, we must conclude that the emission from these stacks
is indeed poor. Thus, emission and synchronization exper-
iments were feasible only for stacks a and b. The stacks’
dimensions are approximately 50 × 300 × 0.7 µm3, and
the number of junctions per stack N ≈ 460, as determined
from emission measurements. The gap between the stacks
is 200 µm in width.

For the described sample design, each stack has two
BSCCO-gold interfaces, one on the top side and one on the
bottom side, allowing a two-terminal scheme for measure-
ments of the IVC of each stack, which includes the con-
tact resistances between BSCCO and the gold layers. For
emission measurements, the sample is mounted on a hemi-
spheric sapphire lens, as sketched in Figs. 1(a) and 1(b).

The sample was precharacterized by transport and emis-
sion experiments with use of a niobium-based supercon-
ducting integrated receiver (SIR) as a detector for the
emitted radiation, providing evidence that the two stacks
can be phase-locked. Some results and details of the setup

(a)
b

a

200 µm

ground

(c)(b)

FIG. 1. Sample geometry. (a),(b) Sample mounted on a hemi-
spheric lens. (c) Optical image of stacks a and b used for
synchronization experiments. The fabrication steps to obtain this
structure are described briefly in the main text and in more detail
in Ref. [23].

are reported in Ref. [89]. In brief, the setup includes two
optical helium-bath cryostats, one hosting the emitter and
the other hosting the detector. The incoming signal at fre-
quency fs is mixed with the reference signal of a supercon-
ducting Josephson-junction local oscillator at frequency
fLO to yield a difference (intermediate) frequency fIF that is
analyzed conventionally in subsequent steps [90]. The fre-
quency resolution of this heterodyne detection scheme is
better than 1 MHz and is required to resolve the linewidth
of radiation of the BSCCO emitter. With the local oscil-
lator fixed at 650 GHz and the unregulated sample holder
kept at 14 K, phase synchronization of the two stacks was
observed when the bias current of one of the stacks was
varied while the bias current through the other stack was
kept fixed. Figure 2 shows some additional results. The
three curves displayed are for three different bias currents
through stack b while the current through stack a remained
constant. In the unlocked regime, two emission lines with
individual linewidths of around 35–40 MHz were visible.
In the locked regime, the two lines collapsed to a sin-
gle line with an emission frequency near 644 GHz and a
linewidth of about 24 MHz. Also, the integrated emission
power exceeded the sum of the individual emission pow-
ers by 15–20%. Of further note, the emission line through
stack a also changes its frequency. This is because the
(varying) Joule heating in stack b also causes a tempera-
ture change and thus a change in, respectively, voltage and
emission frequency in stack a. After 2021, we continued
our study of mutual synchronization using the setup shown
schematically in Fig. 3. Here we have much less frequency
resolution that in the SIR setup but it is possible to cover
a wider range of emission frequencies. Also, with more
data points measured, it is easier to distinguish between
power modulations of the individual stacks and and power
changes due to mutual synchronization.

For the experiments described below we used the same
sample and stacks as in the heterodyne mixing experiment.
This sample is mounted near but not exactly in the focus of
the hemispheric lens. The wiring from the sample through
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FIG. 2. Selected emission data obtained with the SIR. Power
spectral density for three different current values of stack b. The
current through stack a remained constant, Ia = 24.24 mA. Data
for different bias currents through stack b are distinguished by
different colors and symbols: 32.46 mA (+), 32.43 mA (∇),
and 32.40 mA (×). Data are fitted by Lorentzians, given in the
same colors. Two Lorentzians have been used for, respectively,
Ib = 32.46 mA and Ib = 32.40 mA. Individual contributions are
indicated by dashed lines; their sum is plotted as solid lines.
A single Lorentzian has been used for Ib = 32.43 mA. The
extracted linewidths of radiation are indicated. �f(a+b) denotes
the linewidth of radiation in the synchronized case.

the cryostat is done with separate wires for current and
voltage (for the top contact of stack b, only one wire, due
to a broken bond). After having passed the lens, the beams
emitted by the stacks have presumably widened to the mil-
limeter scale. As shown previously [33], the intensity of
radiation emitted by one stack after the lens is strongly
peaked in the forward direction, with a divergence of
around ±5◦. Since the position of the two stacks is some-
what out of the focal point of the lens, the two radiation
beams are likely to be directed slightly away from the opti-
cal axis. Next, the emission fields are directed through the
high-density-polyethylene window of the optical He-flow
cryostat and pass the plane of the chopper, which periodi-
cally opens and closes with frequency ωch = 2π × 80 Hz.
The chopper is located at a distance of approximately 6
cm from the lens. In the plane of the chopper, the beams
emitted by the two stacks have widened to a diameter of
around 2 cm and will partially overlap. After the chop-
per, the beams are first reflected by a 90◦ parabolic mirror
(M1) and then by a planar mirror (M2), followed by a
second 90◦ parabolic mirror (M3) that focuses the beams
into the entrance of the Winston cone located in a He-bath
cryostat. The Winston cone guides the signal, through sev-
eral reflections, to the Ge bolometer mounted on the exit
side of the Winston cone. The bolometer detects the signal
incoherently. Finally, the signal created by the bolometer,
which is periodically modulated in time by the chopper,
is multiplied by the reference signal of a vector lock-in

FIG. 3. Geometry of the experiment. The sample (S) is
mounted on a hemispheric lens (L). The emitted light fields prop-
agate (roughly) along the optical path indicated by the dotted
line. Having left the cryostat, the light fields are modulated by the
chopper (Ch), are reflected by the first parabolic mirror (M1), and
then pass the planar mirror (M2) and the second parabolic mirror
(M3). They are subsequently collected by the Winston cone (W)
and are directed to the bolometer (B), which produces a time-
modulated intensity that is subsequently processed by a vector
lock-in amplifier.

amplifier and integrated over time. Below, for an in-phase
multiplication of the reference phase by the signal, the
output is called “channel X,” while for an out-of-phase
multiplication it is called “channel Y.” The lock-in ampli-
fier is set to record the bolometer signal dominantly in
channel X and for a smaller part in channel Y.

The flat mirror M2 can be replaced by a homemade
lamellar split mirror for Fourier spectroscopy, with a
frequency resolution of about 10 GHz [13]. This inter-
ferometer can be used for a first but not-very-precise
determination of the emission frequency.

Usually, the whole interferometer setup is flooded with
nitrogen gas to reduce water-vapor absorption. However,
in some experiments discussed below we flood the setup
with ambient air and use the water-vapor absorption line
at fwater ≈ 752.033 GHz for frequency calibration. This
is necessary for a precise comparison of the emission
frequency of the two stacks.

III. RESULTS

As a precharacterization, the inset in Fig. 4(a) shows the
resistance of stack a versus bath temperature Tbath. The
resistive transition occurs at Tc ≈ 86 K, and the overall
shape of Ra versus Tbath indicates that the sample is slightly
underdoped [91]. The main panel in Fig. 4(a) shows the
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(a)

(c)

(b)

FIG. 4. (a) IVCs of stacks a and b, biased only one at a time, at
Tbath = 10 K. For stack b, an Ohmic resistance of 2.3 � has been
subtracted from the data to remove the parasitic contribution
from the wire connecting the sample to the room-temperature
part of the setup. The inset shows resistance versus bath tem-
perature for stack a. (b),(c) Emission power, as detected by the
bolometer, as a function of (b) bias current and (c) voltage across
the stacks. Emission measurements were done simultaneously
with the corresponding IVC measurement. In all graphs, arrows
indicate the direction of the current sweeps. Different colors are
used to distinguish stack a and stack b.

IVCs of the two stacks at Tbath = 10 K. The stacks were
biased only one at a time. For each stack, the current is
increased from 0 to 40 mA and subsequently reduced back
to zero. The voltage appears as measured, i.e., contact
resistances are included. Note that the measured resistance
of stack b contains an additional contribution of 2.3 �

from the wire leading out of the cryostat. We corrected
for this contribution before showing the data in Fig. 4.
One observes the typical hysteretic IVCs of IJJ stacks,
where upon increase of the current, groups of IJJs suc-
cessively become resistive. For Ia > 30 mA (Ib > 37 mA)
all IJJs within stack a (stack b) are resistive and remain
in this state until the current is reduced to values below 2
mA. Figures 4(b) and 4(c) show the emitted power as a
function of, respectively, current and voltage, as detected
by the bolometer while recording the IVCs. For both
stacks, emission occurred mainly in the high-bias regime,
where a hot spot has formed inside the stacks. Maximum-
emission-power readings were around 10 µW for stack a
and 4 µW for stack b. For both stacks the switch from
the zero-voltage state to the fully resistive state cuts off
the emission on the low-voltage side, as indicated by the
arrows showing the sweep direction.

Further note that the bolometer readings for both stacks
show oscillations both as a function of current and as a
function of voltage. This translates into a modulated emis-
sion power as a function of emission frequency, where
the quasiperiodic oscillations occur on a frequency scale

of around 3 GHz up to some 10 GHz. Many published
data show this effect [22,26,66,67,76]. The modulations
could, in principle, arise from the excitation of different
cavity modes in the stack. The effect is well known and
has been analyzed intensively in the literature; see, e.g.,
Refs. [33,48]. However, the resonance frequencies of dif-
ferent cavity modes are separated by tens of gigahertz, and
there are simply not enough cavity resonances to explain
the numerous oscillations we observe. In addition, we tried
to correlate the linewidth of radiation, as measured by the
SIR, with the few-gigahertz modulations. The result was
negative—we could not see a clear correlation. Thus, we
conclude that these oscillations are due to interference that
occurs outside the stacks. We assume that the beam emitted
by a single stack has a smooth phase profile in the radial
direction after having passed the lens. The different radial
parts of the beam may have traveled a different path dif-
ference �l before the detection by the bolometer. Then
one would expect a phase difference of 2π between the
two paths for a frequency difference �f on the order of
c/�l, yielding �l = 10 cm for �f = 3 GHz. This value
is far too large to be explainable by inaccuracies in our
detection scheme, e.g., by geometric aberrations caused by
the parabolic mirrors [92] or by multiple reflections in the
Winston cone. We have also ruled out that the cryostat
windows or reflections inside the cryostat are the origin
of the modulations. A remaining possibility arises from
the fact that for a given cavity mode the Josephson phase
along the edges of the stack can vary strongly. Below we
give arguments that a (1, 3) cavity mode was excited in
our experiments. Here, the resonance pattern forms one
half-wave along the width and three half-waves along the
length of the stack, and thus the phase gradients amount
to 3π along the length and π along the width. The lens
may heavily mix the corresponding wave fronts. This may
also change the directivity of the emitted radiation when
the emission frequency is varied. Whether this effect can
explain the observed oscillations is unclear. We thus need
to treat the origin of the power oscillations and the phase
profiles of the emitted-radiation beams as an unknown
when analyzing the interference of the light fields created
by the two oscillators.

In the experiments discussed next, we perform a broad-
band measurement of the combined emission power of
both stacks while varying their bias currents Ia and Ib over
some range.

The result is shown in Fig. 5(a) for lock-in channel X.
One notes oscillations of the detected power slightly tilted
from the vertical and horizontal directions, plus a strongly
tilted “diagonal” line. The slightly tilted lines resembling
a Scottish tartan arise from the power modulations of the
individual stacks, as already visible in Fig. 4(b). In general,
we may write the total detected power as

Ptot,α(Ia, Ib) = Pa,α(Ia) + Pb,α(Ib) + Pab,α(Ia, Ib). (1)
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(a)

(b)

FIG. 5. For lock-in channel X: emission data for the two stacks
biased at the same time. (a) Bolometric power as a gray scale
plotted against stack currents Ia and Ib. (b) Bolometric data as
a function of the rescaled voltages Vr,a and Vr,b (left and bot-
tom axes) and the corresponding emission frequencies fa and fb
(right and top axes). For determination of Vr,a and Vr,b the volt-
ages arising from contact resistances Ra (�) = 0.5 − 4�Ib (A)
and Rb = 2.8 � were subtracted from the measured voltages.
Here �Ib = Ib − 20 mA. For conversion to emission frequen-
cies, junction numbers Na = 460 for stack a and Nb = 465 for
stack b were used. Every data point is represented by a rectan-
gle of reduced aspect ratio to accommodate the higher density of
points along Ib and Vr,b.

Pa,α(Ia) and Pb,α(Ib) are the emission powers of the indi-
vidual stacks if they were independent of each other. The
index α indicates whether the signal is detected in channel
X or channel Y, i.e., α is either X or Y. Pab,α(Ia, Ib) stands
for the additional emission when the stacks are interacting.
Pa,α(Ia) + Pb,α(Ib) constitutes the tartan pattern. The fea-
ture of interest is the diagonal line indicating interaction
represented by Pab,α(Ia, Ib), which basically represents the
interference between the two oscillators.

To convert the current scales to the more-interesting
voltage and frequency scales we need to have a good esti-
mate of the number of IJJs in the stack, and we need to

properly subtract the voltages arising from contact resis-
tances from the measured voltages Va and Vb. First, we
assume that the power oscillations are generically a func-
tion of the dominant emission frequencies fa and fb. Then,
in a plot of the bolometric power versus fa and fb, the tar-
tan pattern would consist of strictly vertical and horizontal
features if the junctions were thermally decoupled. Such a
coupling occurs, but from previous observations obtained
by the monitoring of IVCs of individual stacks and the
corresponding emission power over a wide range of bath
temperatures [66] we have indications that the dependence
of the emission power on the bath temperature is rela-
tively small. We thus ignore the crosstalk between the
stacks here. Next, using the Josephson relation, we need to
convert this into the voltage drop across the synchronized
“active” junctions in a given stack, Vr,a and Vr,b. Assum-
ing that the numbers of these junctions are (at least nearly)
constant within our relatively narrow observation window,
we are left with the problem to determine Vr,a and Vr,b from
the measured voltages Va and Vb. Both true contact resis-
tances and the voltage across unsynchronized junctions
need to be subtracted. These contributions will be non-
linear with respect to the bias currents and may, because
of heating, also depend on the biasing condition of the
other stack. Given the narrow observation window, we lin-
earize these contributions to “contact resistances” Ra and
Rb within the observation window and correspondingly
subtract this linear resistance from the measured voltages
to obtain, Vr,a and Vr,b. Details are given in Appendix A.
For the contact resistances near the voltages of interest,
we find Ra (�) = 0.5 − 4�Ib (A) for stack a (where Ra is
in ohms and the current change �Ib is in amperes) and
Rb = 2.8 � for the total contact resistance of stack b. The
term 4�Ib, with �Ib = Ib − 20 mA, is induced by the
Joule power dissipated in stack b. Figure 5(b) shows the
resulting data for the rescaled voltages Vr,a = Va − RaIa
and Vr,b = Vb − RbIb. To find the junction numbers in
stacks a and b, we use the 752.033-GHz water absorption
line, which becomes visible when the interferometer setup
is flooded with ambient air. The procedure is outlined in
detail in Appendix A. For the junction numbers, we obtain
Na = 460 ± 1 for stack a and Nb = 465 ± 1 for stack b.

For lock-in channel X the result of the conversion is
shown in Fig. 5(b). In the (Vr,a, Vr,b) or, respectively, the
(fa, fb) plane, the tartanlike pattern forms vertical and hor-
izontal stripes and the “diagonal” line appears when fa and
fb (nearly) coincide.

In the next step we remove the tartanlike oscillations
from the data in the (fa, fb) plane. We start from the
expression

Ptot,α(Vr,a, Vr,b) = Pa,α(Vr,a) + Pb,α(Vr,b) + Pab,α(Vr,a, Vr,b).
(2)
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We then extrapolate by an averaging procedure, which is
outlined in Appendix B, the tartan pattern over the diag-
onal line to find the “background” Bα(Vr,a, Vr,b), which is
given by the emission power of two independent stacks:

Bα(Vr,a, Vr,b) = Pa,α(Vr,a) + Pb,α(Vr,b). (3)

For clarity, Fig. 6(a) repeats the measured data in the (fa,
fb) plane and Fig. 6(b) shows the reconstructed tartan-
like pattern for lock-in channel X. We then consider the
ratio Sα(fa, fb) = Ptot,α(fa, fb)/Bα(fa, fb) − 1, which yields
the power enhancement (Sα > 0) or attenuation (Sα < 0)
in the case of uncoupled IJJ stacks. Figures 6(c) and 6(d)
show Sα(fa, fb) for, respectively, channel X and channel Y
of the lock-in amplifier. The “diagonal” line is the promi-
nent feature in these plots, and we find that Sα(fa, fb) can
be both positive and negative, with maximum values of
about 0.05 in each direction. Further, one notes in Fig.
6(c) vertical lines near fb = 735, 741, and 748 GHz that
have not been captured by the background reconstruction.
In Fig. 6(d) similar lines appear near 741 and 748 GHz.
These lines correspond to small but sudden changes in
Pb,α(fb), which may have been caused by a small number
of IJJs in stack b switching from the zero-voltage state to
the resistive state, perhaps even by a single junction. In
different sweeps of the current through stack b, the jump
occurs at slightly different currents and voltages, prevent-
ing the background-subtraction procedure from working in
the close vicinity of these switching points. Finally, Figs.
6(e) and 6(f), respectively, show SX and SY as a function
of fa and the frequency difference fb − fa. In these plots
the power enhancement/attenuation forms a nearly vertical
line, with a small residual tilt that has not been captured by
our correction procedure to obtain Vr,a and Vr,b and from
there fa and fb.

Having found the frequency axes, we can also assign
the most-likely cavity resonances that have been excited
in the stacks. Generally, for a rectangular geometry
the cavity resonance frequencies are given by fcav =
c1

√
(p/2W)2 + (q/2L)2, where c1 ≈ (6.5–7) × 107 m/s is

the in-phase mode velocity and the integers p and q rep-
resent the number of half-waves of the c-axis electric field
along, respectively, the width and the length of the stack.
The emission occurs near 750 GHz, which requires p = 1.
For q, the most-likely number is 3. One may also consider
an inhomogeneous out-of-plane-mode structure consisting
of r half-waves in the z direction. For the junction num-
bers of our experiments, the mode velocity cr is about c1/r,
requiring p = 2 and q ≈ 6 for r = 2 to match the observed
emission frequency, and even higher mode indices p and
q for r = 3. In addition, simulations using coupled sine-
Gordon equations persistently yield r = 1 and q = 3 for
the parameters of our stacks; see Appendix C. We thus
consider the in-phase mode r = 1 as the most-likely sce-
nario.

For the further analysis of Sα(fa, fb), as shown in Figs.
6(e) and 6(f), let us first look at the presumed phase
synchronization of two IJJ stacks. In an extremely sim-
plified approach we start with an effective Kuramoto
model [93,94] of two coupled pointlike identical oscilla-
tors. In the model, oscillator a oscillates and radiates at
a dressed (i.e., including interactions) angular frequency
δ̇a = ωa + (K/2) sin δ, and oscillator b oscillates at δ̇b =
ωb − (K/2) sin δ. Here, δ = δb − δa is the phase differ-
ence between the two oscillators and K is the strength
of the mutual interaction. ωa = 2π × fa and ωb = 2π × fb
are the bare frequencies without interaction. In the case of
phase-locking, the dressed frequencies are equal, δ̇a = δ̇b
(common frequency f0) and we obtain

δ = sin−1
(

fb − fa
K/2π

)
. (4)

This constrains the phase difference to the interval
[−π/2, π/2] and implies |fb − fa| ≤ K/2π during phase-
locking. With respect to emission properties, if we ignore
optical path differences, these two oscillators would emit
a power P proportional to |Ea + Ebe−iδ|2 = E2

0,a + E2
0,b +

2E0,aE0,b cos(δ), where Ea = E0,aeiδa and Eb = E0,beiδb

denote the complex light fields. The expression may be
reformulated as

P = Pa + Pb + 2
√

PaPb cos(δ), (5)

where Pa and Pb denote the power emitted by, respec-
tively, oscillator a and oscillator b. One notices that when
δ approaches ±π/2, there is no difference from decoupled
oscillators. For the signal enhancement S, one expects on
this level

S = 2
√

PaPb

Pa + Pb
cos(δ). (6)

Inserting Eq. (4) into Eq. (6), one finds that a plot
of S versus fb − fa is just a semicircle ending at (fb −
fa)2π/K = ±1. When thermal fluctuations are included,
phase-locking will not be achieved over very long times.
Particularly, we expect that the phase-locking goes to
zero when the dressed frequencies are far from the
degeneracy point fa = fb of the undressed frequencies. In
Eq. (6) cos(δ) should be replaced by the time average
〈cos(δ)〉, which we can formally also write as 〈cos(δ)〉 =
C(�f ) cos(δf), with C(�f ) =

√
〈cos δ〉2 + 〈sin δ〉2, δf =

tan−1(〈sin δ〉/〈cos δ〉), and �f = fb − fa. Then S is given
by

S = 2
√

PaPb

Pa + Pb
C(�f ) cos(δf). (7)

In a more-realistic setting we have to consider that we
have two stacks, each consisting of strongly coupled oscil-
lators (the IJJs). In addition, a cavity resonance has built
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(a)

(c)

(e) (f)

(d)

(b)

FIG. 6. Emission power (gray scale) versus frequencies fa and fb. (a) Data as presented in Fig. 5(b). (b) Reconstructed tartan back-
ground. (c),(d) Power enhancement Sα(fa, fb) of the measured emission relative to the tartanlike background for (a)–(c) is for lock-in
channel X and for (d) is for lock-in channel Y. (e),(f) Same data as in(c),(b) but replotted in the (fb − fa, fa) plane. Vertical white lines
in (e),(f) indicate fb − fa = 0.

up in each stack, causing spatial variations of the Joseph-
son phases, and the presence of a hot spot complicates
the situation even more. A single stack can be modeled
numerically by the use of 3D coupled sine-Gordon equa-
tions combined with heat-diffusion equations [66,67]. In
the code, the N IJJs in the stack are grouped into M seg-
ments, where the G = N/M junctions in a given segment
are assumed to oscillate coherently. To approach the sit-
uation of two coupled stacks to zero order, we consider
two electrically decoupled rectangular stacks separated
by one pixel. Details are given in Appendix C. The two
stacks share a common continuous segment that can pro-
vide mutual coupling. The common segment can be fully
superconducting, representing a toy model for a base crys-
tal, or it can be normal-conducting, representing a toy
model for the common gold electrode. In both cases we
observe mutual synchronization via alternating currents

bridging the gap between the stacks, supporting our main
observation that mutual synchronization works also in the
absence of a common base crystal. Further, the thermal
coupling between the stacks through the common segment
and the substrate underneath remains intact. The basic
result from this model is that the phase δf varies almost lin-
early between +π and −π as a function of fb − fa, and we
see a decaying function, which, for simplicity we approxi-
mate by a Gaussian for further analysis. Expressed in terms
of the frequency difference fb − fa, the correlation function
reads

C(�f ) = C0e−[(fb−fa)/fC]2
, (8)

where fC is a fit parameter. In the simulations shown in
Appendix C, C0 is on the order of 0.5. We further use the
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linear function δf = (fb − fa)/fδ , where fδ is a fit parameter,
to describe the functional dependence of δf on fb − fa.

The final step, before the data shown in Fig. 6 can be
analyzed further, is to find an expression analogous to Eq.
(7) for the actual lock-in-detected functions SX and SY.
Details are given in Appendix D. The basic results are the
expressions

SX = PX0

PXa + PXb
C(�f ) cos(δf + ϕX)

= SX0C(�f ) cos(δf + ϕX), (9a)

SY = PY0

PYa + PYb
C(�f ) cos(δf + ϕY)

= SY0C(�f ) cos(δf + ϕY), (9b)

with C(�f ) as in Eqs. (7) and (8). Compared with Eq. (7),
there are extra phases ϕX and ϕY, which are different for
channel X and channel Y. They depend on parameters that
cannot be extracted from experimentally available data and
should be treated as free parameters. Because of the inte-
gration over the interfering-beam profiles, the amplitudes
SX0 and SY0 can go well below 1 and depend on unknown
details, so no direct conclusion on the magnitude C0 of the
correlation function C(�f ) can be made.

Figure 7(a) shows by the solid black (channel X) and
dashed gray (channel Y) lines experimental curves of Sα

versus fb − fa for fixed values of the common frequency
f0, where fb = fa. Sα shows a variation of maximally 5%
when the difference frequency fb − fa is scanned. For tech-
nical reasons (comparatively large current steps between
adjacent values of the bias current Ia), we used the orig-
inal curves that were recorded at a fixed bias current Ia;
i.e., compared with the plots in Figs. 6(e) and 6(f) the
line scans are slightly tilted to the horizontal direction,
which, however, makes little difference to the data eval-
uation in the small-frequency-difference regime we show
in Fig. 7(a). The currents Ia are indicated. The correspond-
ing common frequencies f0 are indicated in Fig. 7(b). The
six curves are vertically offset for clarity. Note that in the
spirit of phase-locking, as described above, the horizontal
axis should display the difference of the bare frequencies
(decoupled oscillators) rather than the measured difference
of the dressed frequencies (coupled oscillators). However,
this difference is unresolvable in the experiments pre-
sented and we thus do not distinguish them here. Further,
the experimental data are not centered at fb − fa = 0. We
attribute this to residual errors in our evaluation procedure
to extract fa and fb. Inaccuracies can arise, for example,
because the junction numbers Na and Nb are not con-
stant within our measurement observation window of bias
currents and voltages; see Fig. 5(a). Below we provide evi-
dence that these changes are observable but small; see Figs.

(a)

(c) (d)

(b)

FIG. 7. Evaluation of power enhancement. (a),(b) Sα versus
frequency difference fb − fa for six values of the common fre-
quency f0, where fb = fa. Currents Ia through stack a are also
indicated. Curves for different values of f0 are vertically offset for
clarity. Experimental data for channel X and channel Y are given
by the solid black and the dashed gray lines, respectively. Solid
red and dashed green lines represent corresponding theoretical
curves obtained with Eqs. (9a) and (9b). Model parameters are
chosen to best reproduce the shape of the experimental curves.
(a) Original data. In (b) the experimental curves are shifted to
be on top of the theoretical curves. (c) Phases ϕX and ϕY ver-
sus f0. Linear fits are shown by the solid lines. (d) Factor Sα0C0
required to match the amplitudes of the experimental and theo-
retical curves of Sα versus the common frequency f0. Labels 1–6
in (c),(d) indicate line scans 1–6 in (b).

6(c) and 6(d). A more-dominant source of inaccuracy is
probably the determination of the linearized “contact resis-
tance,” which involves real contact resistances between
the stack and the gold electrodes but also junctions not
contributing to the observed emission.

Accepting these errors, to further compare the experi-
mental data with the theoretical expressions in Eqs. (9a)
and (9b), we first find parameters that optimally reproduce
the shape of Sα versus fb − fa. We first globally set fC = 0.9
GHz and fδ = 0.58 GHz for all curves. We then adjust the
phases ϕX and ϕY for each curve and individually adjust
the factor Sα0C0 to match the amplitude of the theoretical
curves and the experimental ones. The results are shown by
the solid red and dashed green lines representing, respec-
tively, channel X and channel Y. As dictated by Eqs. (9a)
and (9b) the theoretical curves are centered at fb − fa = 0.
For a better comparison, Fig. 7(b) shows the same data but
with the experimental curves shifted to be on top of the
theoretical curves. The agreement is excellent, giving us
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confidence that the essential physics is captured by Eqs.
(9a) and (9b).

Figure 7(c) displays the phases ϕX and ϕY versus the
common frequency f0. Apart from the constant offset, the
basic observation is that both ϕX and ϕY are, within our
resolution, linear functions with slopes dϕα/df0 of, respec-
tively, −2π/16.2 GHz and −2π/14.8 GHz for channel X
and channel Y. The linear dependence of ϕX and ϕY on f0
is in line with our assumption that between the location of
the oscillators and the location of the bolometer, substan-
tial geometric phase differences (of unknown origin) have
built up. Interpreted in terms of optical path differences
between the two stacks, the observed slopes imply an aver-
age path difference �l of 2 cm, which is still too large to
be explained easily. Finally, the amplitudes Sα0C0 are dis-
played in Fig. 7(d). The amplitude can exceed 7%, but near
755 GHz can also be below 2%. The overall dependence
of Sα0C0 on f0 is not very systematic and may have been
caused by small drifts and fluctuations on the timescale of
several minutes or so in our detection scheme. While the
effect for the overall detected power is small, such fluc-
tuations are strongly enhanced when we calculate Sα0C0.
More importantly, the overall small values of Sα0C0 are
consistent with our assumption that the wave fronts created
by the two stacks show very strong spatial phase gradients,
leading to destructive interference in the detection plane.

We finally mention that the numerical simulations out-
lined in Appendix C delivered identical time-averaged
voltages and Josephson frequencies between the two stacks
only within part (about less than half) of the frequency
interval fC spanned by the Gaussian. The true locking range
|fb − fa| may thus be below 200 MHz, which is consistent
with our previous measurements with the SIR, where two
individual lines appeared when their emission frequencies
differed by around 100 MHz.

IV. SUMMARY AND CONCLUSIONS

As our main result we observed mutual synchronization
of two stacks of IJJs in a standalone geometry without a
common base crystal. The distance between the stacks is
200 µm, and they share a common gold electrode presum-
ably providing mutual coupling. Some preliminary data
were obtained with a high-spectral-resolution setup using
a superconducting integrated receiver at around 650 GHz
[89]. The measurements presented in this paper are based
on a bolometric emission setup and extend the observa-
tion of phase-locking for the same sample to frequencies
between 745 and 765 GHz. Since the present setup is a
standard one available in many laboratories, our measure-
ment protocol and the subsequent detailed analysis may be
helpful for many other groups working in the field.

We find that phase correlations between the two stacks
have a Gaussian shape and occur on the scale of about
±0.4 GHz relative to the center frequencies where the bare

(uncoupled) frequencies of the two oscillators coincide.
We give arguments that the wave fronts emitted by the
two stacks have very strong spatial gradients, leading to
destructive-interference effects. We speculate that the ori-
gin lies in the excited cavity modes, which, on the one
hand, seem to be necessary for synchronization but, on
the other hand, lead to a strongly varying Josephson phase
along the edges of each stack.

In the experiments described and analyzed in this paper,
the thermal coupling was still limited by the glue used
to mount the sample. However, our observation that the
mutual synchronization of IJJ stacks separated by rela-
tively large distances can be induced by a common gold
electrode rather than a base crystal could relax the noto-
rious problem of Joule heating in an improved layout,
because the gold layer can provide a much-better thermal
coupling to a substrate than the BSCCO base crystal. For
example, the gold layer could be made thicker and brought
into direct contact with a thermally-well-anchored (and
perhaps even metallic) substrate. The stacks emit radiation
through the lens in opposite directions, so such a sub-
strate would not block radiation. In addition, the problem
of strong spatial phase gradients may be relaxed if the indi-
vidual stacks in a multistack array are made considerably
smaller in lateral size than the presently used ones. Thus,
the gold layer–mediated coupling may open new possibil-
ities to synchronize a large number of IJJs to increase the
emission power to values well above 1 mW.
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APPENDIX A: CONVERSION FROM CURRENT
AXES TO VOLTAGE AND FREQUENCY AXES,

DETERMINATION OF CONTACT RESISTANCES,
AND JUNCTION NUMBERS

The voltages Va and Vb we measure contain parasitic
contributions from the contact resistances and perhaps
from IJJs that do not contribute to the (coherent) radi-
ation of the single stacks. We write these contributions
as Vp,a = RaIa for stack a and as Vp,b = RbIb for stack b.
We thus have Vr,a + RaIa = Va and Vr,b + RbIb = Vb. Vr,a
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FIG. 8. For lock-in channel X: emission data for the two stacks
biased at the same time while the setup was exposed to humid air.
(a) Bolometric power as a gray scale plotted against stack cur-
rents Ia and Ib. (b) Bolometric data as a function of the rescaled
voltages Vr,a and Vr,b (left and bottom axes) and the correspond-
ing emission frequencies fa and fb created from the voltage axes
with Na = 460 and Nb = 465. (right and top axes).

and Vr,b are the voltages of interest. In general, Ra and
Rb will be nonlinear with respect to the bias currents and
may, because of heating, also depend on the biasing condi-
tion of the other stack. We linearized these contributions,
which is appropriate considering the narrow measurement
windows used for the emission experiments. In particular,
the current range �Ia is very narrow for stack a and the
cross-contribution from stack a to stack b is minor and thus
ignored here.

To determine the linearized Ra and Rb, we use previ-
ous observations that the quasiperiodic oscillations in the
detected emission power as a function of either current or
voltage—see Figs. 4(b) and 4(c)—are actually functions of
the frequencies of the emitted radiation. This means that in
a plot of the detected radiation power versus Vr,a and Vr,b
they should occur as horizontal and vertical stripes. Actual
values for Ra and Rb that fulfill this condition to good accu-
racy within the current ranges 17.9 mA < Ia < 19.7 mA

(a)

(b)

FIG. 9. Absorbance as a function of rescaled stack voltages for
(a) stack a and (b) stack b. Voltages corresponding to different
junction numbers are indicated by vertical lines, the solid ones
indicating the most-likely numbers.

and 20 mA < Ib < 25 mA and used to generate Fig. 5(b)
are given by Ra (�) = 0.5 − 4�Ib (A) and Rb = 2.8 �,
where �Ib = Ib − 20 mA. With current for stack b maxi-
mally varying by �Ib = 5 mA, Ra varies in the range from
0.48 to 0.5 �.

To convert voltages Vr,a and Vr,b to emission frequen-
cies, the junction numbers Na and Nb must be known.
To find these numbers, in a first step we measure the
emission frequencies using our Fourier-transform interfer-
ometer and relate them to voltages Vr,a and Vr,b. In a second
step we refine the calibration by using the water-vapor
absorption line at fwater ≈ 752.033 GHz, which becomes
visible in absorption spectra when the interferometer is
flooded with (humid) air rather than with nitrogen gas.

To do so we have both oscillators in the emitting state,
as shown in Fig. 5, where the bias currents through the
two stacks are varied over some range while the setup is
flooded with nitrogen. We then perform the same mea-
surement with the setup exposed to humid air. The result
is shown in Fig. 8(a) in the (Ia, Ib) plane. Figure 8(b)
shows the same data in the (Vr,a, Vr,b) plane. As outlined
in Appendix B, the data in Figs. 5 and 8 allow recon-
struction of the terahertz power emitted by the individual
stacks as a function of, respectively, Vr,a and Vr,b. Using
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these curves, we create the normalized difference (Pk,N2 −
Pk,air)/(Pk,N2 + Pk,air), with k = (a, b). This difference con-
stitutes the absorbance and is plotted in Fig. 9 for the two
stacks versus, respectively, voltages Vr,a and Vr,b. Figure
9(a) is for stack a and Fig. 9(b) is for stack b. The absorp-
tion line for stack a leads to Na = 460 ± 1. For stack b,
Nb = 465 marks the most-likely junction number. Using
these values, we create the frequency axes shown in Figs.
5(b), 6, and 8(b).

APPENDIX B: RECONSTRUCTION OF THE
EMISSION BACKGROUND CREATED BY

UNLOCKED STACKS

To find the tartanlike background of the recorded emis-
sion power in the (Vr,a, Vr,b) plane, we start from Eq.
(2):

Ptot,α(Vr,a, Vr,b) = Pa,α(Vr,a) + Pb,α(Vr,b) + Pab,α(Vr,a, Vr,b),
(2)

where Bα(Vr,a, Vr,b) = Pa,α(Vr,a) + Pb,α(Vr,b) forms the
background signal created by two independent IJJ stacks
and α stands for either channel X or channel Y. As we
know from emission measurements of the stacks being
biased one at a time, Pa,α(Vr,a) and Pb,α(Vr,b) exhibit modu-
lations as a function of, respectively, Vr,a and Vr,b. Further,
these oscillations appear on top of a constant background
that, when both stacks are biased simultaneously, cannot
be unambiguously attributed to either stack a or stack b.
For simplicity, we add this contribution to stack a in the fit
procedure.

We thus, independently for channel X and channel Y,
parameterize Pa,α(Vr,a) as the sum of several Gaussian
curves plus a linear term:

Pa,α(Vr,a) = b + mVr,a +
NA∑

n=1

an,a exp

[

−
[

Vr,a − vn,a

cn,a

]2
]

,

(B1)

with the number of summands NA = 22.
For Pb,α(Vr,b) we use

Pb,α(Vr,b) =
NB∑

n=1

an,b exp

[

−
[

Vr,b − vn,b

cn,b

]2
]

, (B2)

with the number of summands NB = 24.
The resulting functions Pa,X(Vr,a) and Pb,X(Vr,b) with the

best fitting parameters are plotted in Figs. 10(a) and 10(b),
respectively. The background BX(Vr,a, Vr,b) evaluated at
the voltages of all data points is plotted in Fig. 6(b) with
voltages converted to frequencies. Figures 10(c) and 10(d)
show the corresponding functions Pa,Y(Vr,a) and Pb,Y(Vr,b)

for channel Y.

(a)

(c) (d)

(b)

FIG. 10. (a) Pa,X, (b) Pb,X, (c) Pa,Y, and (d) Pb,Y, as obtained
from the fitting procedure.

As mentioned, we cannot assign the constant b unam-
biguously to stacks a and b. A redistribution can be
made from the analysis of the humid-air absorption data
discussed in Appendix A. By simply requiring that the
absorption should not be negative, we find that for chan-
nel X a constant offset of 0.625 µW should be subtracted
from stack a and added to stack b. For channel Y the corre-
sponding number is 0.025 µW. The necessary corrections
strongly depend on actual fit results.

For completeness, Fig. 11(a) shows the original emis-
sion data for channel Y in the (Vr,a, Vr,b) plane, while Fig.
11(b) shows the reconstructed background BY(Vr,a, Vr,b).

We finally note that we have also 2D adjacent averag-
ing methods to reconstruct the background. The results
for the constituting functions and the reconstructed back-
ground are very similar. We are thus confident that the
reconstruction is robust and does not suffer from major
artifacts.

APPENDIX C: MINIMAL MODEL FOR MUTUAL
PHASE-LOCKING AND SIMULATION RESULTS

In the following we substantiate the expression

S = 2
√

PaPb

Pa + Pb
C(�f ) cos(δf) (7)

used in the main part of the paper, with a focus on
the Gaussian approximation for C(�f ), plus the linear
approximation δf = (fb − fa)/fδ .

To simulate two coupled stacks we start from 3D cou-
pled sine-Gordon equations combined with heat-diffusion
equations [66,67]. In the code we use, the N IJJs in the
stack are grouped into M segments, where the G = N/M
junctions in a given segment are assumed to oscillate
coherently. The IJJs are stacked in the z direction and
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FIG. 11. (a) Raw emission data for channel Y. (b) Recon-
structed tartanlike background for channel Y.

extend over distances L and W in the (x, y) direction. For
a single stack, the electromagnetic part of the equation
reads

Gsd 	∇
( 	∇γ̇n

ρab(T)

)

+ Gλ2
k
	∇

[
ns(T) · 	∇γn

]

=
(

2 + G2λ2
kns(T)

λ2
c

)
jz,n − jz,n+1 − jz,n−1, (C1a)

with

jz,n = βc

G
γ̈n + γ̇n

ρc(T)
+ j N

z,n + jc,n(T) sin(γn). (C1b)

The nabla operators stand for partial derivatives with
respect to the x and y coordinates and n is the number
of segments. γn is the Josephson phase difference across
a single junction in segment n. s = 1.5 nm and d = 0.3
nm are, respectively the interlayer distance and the thick-
ness of a superconducting layer, λk ≈ 1.7 µm is the kinetic
length, and λc ≈ 300 µm is the c-axis penetration depth. ns
is the Cooper-pair density, normalized to its 4.2-K value.
ρab and ρc denote the normalized in-plane and c-axis resis-
tivities, and βc is the McCumber parameter. The first term
on the left-hand side of Eq. (C1a) represents the (induc-
tive) coupling via in-plane quasiparticle currents, while the

(a) (b)

FIG. 12. Geometry of two stacks located on a common seg-
ment: (a) side view; (b) top view. In (a) the black rectangle
represents the uncut base segment.

second term is due to the coupling via supercurrents.
Equations (C1a) and (C1b) form the coupled sine Gor-

don equations, with the c-axis currents given by Eq. (C1b).
Here, the terms on the right-hand side represent the den-
sities of displacement currents, quasiparticle currents, a
noise current, and the Josephson current. Various param-
eters depend on the local temperature T as indicated.
The Joule heat power density q produced by the resis-
tive in-plane and out-of-plane currents, plus the Joule heat
generated by currents through a bond wire attached to the
uppermost layer of the stack enters the heat-diffusion part
of the equations:

cṪ = 	∇
[
κ(T) 	∇T

]
+ q(T), (C2)

where κ is the (anisotropic) heat conductivity. Equations
(C1a), (C1b) and (C2) are solved simultaneously.

To obtain a certain value of, say, the dc voltage across
the stack, we first perform an initialization sequence in
the absence of Josephson currents in order to get an ini-
tial guess of the temperature distribution in the stack. We
then propagate Eqs. (C1a), (C1b) and (C2) in time over
about 20 000 periods of the Josephson oscillations to relax
the system and then take time traces over another 20 000
periods to obtain time averages and other quantities. More
details are given in Refs. [66,67].

To describe two coupled stacks we start from a solid
stack of length L and width 2W and consider M + 1 seg-
ments. The geometry is sketched in Fig. 12. We remove the
coupling mediated by the terms on the left-hand side of Eq.
(C1a) in the upper M segments along a cut extending in the
y direction; i.e., we do not allow supercurrents and resis-
tive currents to flow from the right side of the left stack to
the left side of the right stack. We leave the lowest segment
intact. This constitutes two decoupled M -segment stacks
located on a common base segment, the lower surface of
which we assume to be grounded.
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When we keep the electrical parameters as given in Eqs.
(C1a) and (C1b), we have a minimal model for two side-
by-side stacks located on a common base crystal. Further,
to mimic a normal-conducting segment, we interrupt the
supercurrent flow between the two stacks by setting also
for the base segment the second term on the left-hand side
of Eq. (C1a) to zero and null the Josephson current by
setting the current density jc(T) to zero. For a gold layer
one should ideally replace ρab and ρc by the gold resistivi-
ties. However, it turned out that particularly a change in ρc
by orders of magnitude results in unacceptable computing
times. We thus just reduced ρab and ρc by a factor of 100
in the simulations shown in Figs. 13–16.

Note that in our toy model the two stacks remain coupled
thermally. Their effective distance is set by the discreteness
of our computation scheme, which amounts to 50 µm for
the parameters used. This is on the order of but not larger
than the spatial extension of thermal gradients seen for our
thermal parameters [66,67].

In the simulations shown in Figs. 13–16 we describe
each stack only by a single pixel in the x direction. In
other words, we model two coupled 2D stacks. For the
discretization in the y direction, we use 50 points. The
(independent) M = 20 segments contain N = 700 IJJs,
i.e., G = 35. This constitutes a base segment with a thick-
ness of 35 layers, i.e., 50 nm. The bath temperature for
the calculations is 50 K, and we use L = 300 µm and
W = 50 µm. These parameters do not exactly match the
experiment. Particularly, a bath temperature of 50 K was
chosen to obtain stable low-bias and high-bias regimes
involving cavity resonances just by our changing the bias
current.

Figure 13 shows some results to characterize the stacks
investigated. Figure 13(a) displays the 50-K IVC of the
L × 2W stack before cutting. On the left vertical axis the
current is given in units of the 4.2-K value Ic0 = 60 mA
of the critical current, while the right axis displays the bias
current in dimensioned units. The voltages displayed on
the lower axis are normalized to the characteristic voltage
Vc = Ic0R, where R = 0.5 � is the 4.2-K value of the c-
axis resistance per junction. The top axis gives the total
voltage of the stack containing 700 IJJ in dimensioned
units. The color scale indicates the time-averaged power
of the resistive in-plane currents dissipated in the stack.
One notes that there is a significant power over a wide
range of bias currents, which was one of the reasons for
fixing the parameters of the model to the present values.
The displayed IVC is obtained by our sweeping the bias
current from large values down to zero, i.e., it represents
the outermost return branch of the (multivalued) IVC. The
horizontal dashed line indicates the 50-K critical current
that would have appeared for a bias current increasing from
zero. The horizontal solid lines indicate special values of
the normalized bias current of 0.24 and 0.6. The lower
value is located in the low-bias regime, while the higher

(a)

(b)

(a
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)

(c)

FIG. 13. (a) Simulated current-voltage characteristic of the
uncut 300 × 100 µm2 stack at a bath temperature of 50 K. The
color scale indicates the power dissipated by in-plane currents.
The horizontal dashed arrow indicates switching from the zero-
voltage state to the resistive state at the 50-K critical current.
The horizontal solid arrows indicate the bias points used for bias-
ing the left stack after cutting. (b),(c) Simulation results for the
two 300 × 50 µm2 stacks coupled via a normal-conducting base
segment. (b) Dissipated power density of the resistive in-plane
currents for bias ileft = 0.24 and iright = 0.235. (c) Dissipated
power density of the resistive in-plane currents for bias ileft = 0.6
and iright = 0.58.

one is in the regime where a hot spot covers about half of
the stack. We use these values as a starting point for our
simulations, where we fix the current to the values in the
“left” stack while varying the current through the “right”
stack.

Figure 13(b) shows the simulated power density dis-
sipated by in-plane currents versus the y coordinate for
normalized bias currents ileft = 0.24 and iright = 0.235. The
stacks are coupled via the normal-conducting base layer.
One observes pronounced oscillations that indicate that a
standing wave of the electric field with three half-waves
along the y direction has been excited in both stacks. This
wave profile was persistent in the whole range of bias
currents we investigated in the low-bias regime. In the spe-
cial case we show here, the integrated power was about
92 µW in the left stack and about 88 µW in the right
stack. Figure 13(c) shows analogous data for the high-bias
regime, with ileft = 0.6 and iright = 0.58. The integrated
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power was about 52 µW in the left stack and about 41 µW
in the right stack. There is a small cusp in the power den-
sities near y = 100 µm, left of which the temperature in
the stacks has exceeded the critical temperature of 85 K.
Also in the high-bias regime the observed oscillations are
persistent over the range of bias currents studied.

Figure 14 displays the dc voltages across the individ-
ual segments versus the segment number for four different
scenarios. To obtain these voltages we average, for a given
segment, the time derivative of the Josephson phase over
time and the “cold” parts of the segment, where the local
temperature is below the critical temperature. This restric-
tion is necessary, because in the normal-conducting part
there are nonzero in-plane dc voltages that would spoil
spatial averaging. In Fig. 14(a) we consider the low-bias
regime, where the two stacks are coupled and biased at
slightly different (normalized) currents i of 0.24 and 0.235.
For the left stack, biased at i = 0.24, the normalized dc
voltage, displayed on the left axis, is the same for seg-
ments 9–20, while the dc voltage of segments 1–8 has
a higher value. This shows that only a part of the seg-
ments in the stack is locked. The right axis shows the
corresponding Josephson frequencies, which are near 400
GHz for the locked segments. The dc voltages across the
segments of the right stack, biased at i = 0.235, behave
similarly, and in addition, the voltages across both stacks
coincide for segments 9–20. In our simulations we have
the possibility to remove also the mutual coupling medi-
ated by the base segment. The result is shown in Fig.
14(b). Apart from decoupling, all other conditions for the
simulations remained the same, including the sequence
of random numbers introduced by the noise current. The
overall behavior is the same as for the coupled case, but
now segments 8–20 (left stack) and 7–20 (right stack) are
locked within the individual stacks. However, the dc volt-
ages and Josephson frequencies of the two stacks never
coincide, as should be expected for the different currents
used to bias stack a and stack b, respectively. Figures 14(c)
and 14(d) show analogous graphs for the high-bias regime.

To investigate the mutual phase-locking more system-
atically, we next fix the bias current through the left
stack while sweeping the current through the right stack.
Figure 15 shows the corresponding data. Somewhat arbi-
trarily we monitor the dc voltages across segment 11 for,
respectively, the left stack and the right stack. As seen, for
example, in Fig. 14, this segment is inside the locked part
of the individual stacks. In Fig. 15 we have converted these
voltages to frequency, using the Josephson relation. Figure
15(a) is for the low-bias regime, while Fig. 15(b) is for the
high-bias regime. In Fig. 15(a) the normalized bias cur-
rent through the left stack is kept at 0.24, and the current
through the right stack is varied between 0.23 and 0.25.
The solid black squares and solid red circles are for, respec-
tively, the left stack and the right stack and were obtained
for a mutual coupling mediated by the normal-conducting

(a) (b)

(c) (d)

ileft = 0.240

iright = 0.235

ileft = 0.240

iright = 0.235

ileft = 0.60

iright = 0.58

ileft = 0.60

iright = 0.58

FIG. 14. dc voltage (left axes) and corresponding Josephson
frequency (right axes) across individual segments versus the seg-
ment number (bottom axes) for (a),(b) the low-bias regime and
(c),(d) the high-bias regime. In (a),(c) the stacks are coupled via
a normal-conducting base segment, and in (b),(d) the stacks are
completely decoupled electrically.

base segment. We see identical voltages (frequencies) for
both stacks between iright = 0.235 and iright = 0.245, indi-
cating phase-locking. Outside this regime the voltages and
Josephson frequencies differ. The open green squares and
open circles are for the decoupled case and yield, in the
language of the Kuramoto model, the “bare frequencies”
of the two oscillators. We see that these frequencies can
differ substantially from the “dressed frequencies” in the
coupled case. Figure 15(b) shows the corresponding data
for the high-bias regime where the left stack was biased
at a normalized current of 0.6, while the current through
the right stack was varied between 0.55 and 0.65. The
overall behavior is similar to that in the low-bias case.
One also notes that in both Fig. 15(a) and Fig. 15(b) the
data look noisy. It turned out that when we repeated cal-
culations as shown in Fig. 15 or Fig. 16 for a different
sequence of random numbers entering via the c-axis noise
current for otherwise the same initial conditions, we ended
up with slightly different voltages. While this is unprob-
lematic in terms of absolute voltages and/or frequencies,
it is problematic for the high-resolution analysis of mutual
phase-locking. The reason is that, depending on the history,
slightly different profiles of the local stack temperatures
and the Josephson phases were established and seem to
be long-lived on the scale of our integration times (which,
however, in dimensioned units are only on the order of 50
ns and are thus 7 orders of magnitude shorter than in our
experiments).

To address the problem, we performed each calculation
five times, using different sequences of random numbers.
The result for the analysis of phase-locking is shown in
Fig. 16. Here we first defined the quantities cos δ and
sin δ, where δ is the difference of the momentary and local
Josephson phases in adjacent points in the left stack and the
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(a)

(b)

Iright /Ic0

Iright /Ic0

FIG. 15. dc voltages across segment 11 in the left stack and
the right stack, converted to the Josephson frequencies, for a
fixed bias current (a) ileft = 0.24 and (b) ileft = 0.6 through the
left stack and a variable bias current through the right stack.

right stack. We then averaged these quantities over the cold
parts of the stack and over time to obtain the average quan-
tities 〈cos δ〉 and 〈sin δ〉, which we used to define the cor-
relation function C(�f ) =

√
〈cos δ〉2 + 〈sin δ〉2 and the

phase δf = tan−1(〈sin δ〉/〈cos δ〉). These quantities were
introduced in the main text. Here �f = fb − fa is the dif-
ference of the bare Josephson frequency, which we obtain
from our simulations using decoupled stacks.

Figures 16(a) and 16(b) show results for, respectively,
the low-bias regime and the high-bias regime for the case
that mutual coupling is mediated by a normal-conducting
base segment. The horizontal axes display the difference
in the bare frequencies of the two oscillators. For com-
parison, Figs. 16(c) and 16(d) show the corresponding
results for the case of a superconducting base segment rep-
resenting the minimal model of two mesas located on a
common base crystal. In all graphs the left axes display
C(�f ), while the right axes display δf. Figures 16(a) and
16(c) are for the low-bias regime, where the left stack is

(a) (b)

(c) (d)

FIG. 16. Correlation functions C(�f ) (solid squares, left
axes) and the phase δf (open circles, right axes) versus the dif-
ference of the bare (uncoupled stacks) frequencies fl − fr of,
respectively the left stack and the right stack. (a),(b) Normal-
conducting common base segment. (c),(d) Fully superconducting
base segment. (a),(c) Low-bias regime, with the left stack biased
at ileft = 0.24. (b),(d) High-bias regime, with the left stack biased
at ileft = 0.6. The bath temperature is 50 K in all cases.

biased at ileft = 0.24. Figures 16(b) and 16(d) are for the
high-bias regime, with ileft = 0.6. For each pair of bias
currents through, respectively, the left stack and the right
stack, we performed the simulations five times for differ-
ent sequences of random numbers. For a given run we used
the same random numbers and performed the calculations
twice, first for the coupled stacks and afterwards for the
decoupled stacks to obtain the bare frequencies.

In each graph we compare C(�f ) with a Gaussian,
C(�f ) = C0e−[(fb−fa)/fC]2

(solid lines) and for the phase
δf we use the linear relation δf = (fb − fa)/fδ . For fC we
use values of 10 GHz [Fig. 16(a)], 9 GHz [Fig. 16(b)], 20
GHz [Fig. 16(c)], and 13 GHz [Fig. 16(d)], and for fδ we
use 15 GHz [Fig. 16(a)], 3.5 GHz [Fig. 16(b)], 18 GHz
[Fig. 16(c)] and 6 GHz [Fig. 16(d)]. These values are at
least an order of magnitude larger than the experimental
values, which may not be surprising, because in our toy
model there is no real physical gap between the two oscil-
lators. On the other hand, Fig. 16 shows that the functional
dependences for C(�f ) and for δf, plus the description as
a whole, seem reasonable.

APPENDIX D: ANALYSIS OF THE
LOCK-IN-DETECTED SIGNAL

In the main text the expressions

SX = PX0

PXa + PXb
C(�f ) cos(δf + ϕX)

= SX0C(�f ) cos(δf + ϕX), (9a)
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SY = PY0

PYa + PYb
C(�f ) cos(δf + ϕY)

= SY0C(�f ) cos(δf + ϕY) (9b)

were used to analyze the lock-in-detected power enhance-
ment of the two interfering terahertz signals generated
by stack a and stack b. In the following we derive these
expressions and relate them to the parameters of our exper-
imental setup. We relate Eqs. (9a) and (9b) to the local
wave fronts emitted by the two stacks. To do so, we
first look more precisely at the geometry and the different
components of the experiment. After some general consid-
erations, we consider an incoherent signal as it has been
used for the hot/cold calibration. Next, we investigate the
lock-in signal detected from a coherent beam of a single
stack and finally we turn to the case of interfering coherent
beams.

1. Geometry and general considerations

The overall geometry of the setup and the detection
scheme is outlined in the main text; see Fig. 3. An
important component is the chopper, which periodically
modulates the interfering incoming light fields. Figure 17
sketches projections of various components in the (x, y)

plane of the chopper. The view is along the optical axis (“z
direction”). The moving chopper is sketched by a series
of dark-gray and white rectangles that move to the right
with increasing time. This is a simplification, because
the actually open and dark sections of the chopper are
approximately triangles rotating around an axis that is lat-
erally displaced from the optical axis. In other words, we
approximate the action of the chopper by a periodic box
function.

For convenience, we introduce a dimensionless time
τ = ωcht, i.e., one full dark-bright period corresponds to
2π . We measure spatial coordinates in the unit of Lc/π ,
where Lc is the length of the subsequently open (white)
and closed (dark gray) parts of the chopper in the x direc-
tion. ξ = πx/Lc is the dimensionless coordinate in the x
direction and ζ = πy/Lc is the dimensionless coordinate
in the y direction. Figure 17(a) shows the chopper at a
time when the open part of the chopper is centered on the
optical axis. For this position we define a static maximum
signal area (SA), which is fixed to the optical axis and
coincides with the open part of the chopper. In dimension-
less units, the (SA) extends from ξ = −π/2 to ξ = +π/2.
The plot also defines by the on-axis white circle the pro-
jection of the first parabolic mirror M1, which extends
from −r to r in the ξ direction, with r ≤ 2π . M1 defines
the relevant area where the emitted radiation is collected.
With respect to the full SA, we can simply assume that the
amplitude of the emitted radiation is zero outside the area
of M1.

(a)

(b)

(c)

FIG. 17. Projections in the (x, y) plane of the chopper (Ch).
The coordinate system is centered at the optical axis. The chop-
per is sketched by alternating dark-gray and white rectangles of
the same size Lc in the x direction. The center circle represents
a projection of the first parabolic mirror (M1) onto the chopper
plane. SA defines the maximum signal area, defined as the open
area when one of the chopper windows is centered on the optical
axis. The sketches in (a)–(c) are for three different times and thus
chopper positions.

The right edge of the open part of the chopper is ahead in
time relative to its center by time difference �τ = π/2 and
thus reaches a certain spatial location ξ on the SA and M1
at τ = π/2 − ξ . Correspondingly, the left edge of the open
part of the chopper is behind the center by time difference
�τ = −π/2 . Figure 17(b) is for time τ = π/2 − r, when
the left edge has reached M1. Figure 17(c) is for τ = π/2,
when half of the SA and M1 are shadowed by the chopper.

Figure 18 provides a closer look at the SA and M1 in
the presence of the radiation fields emitted by stacks a
and b. These fields will be at least partially off-axis and
presumably have some overlap region i. For the hot/cold
calibration using thermal radiation, we assume that M1 is
illuminated concentrically.

In all situations we can characterize the incoming signal
by a complex light field propagating (approximately) along
the optical axis

E(ξ , ζ , t) = E0(ξ , ζ )ei[ϕ(ξ ,ζ )−ωt] (D1)

in the plane of the chopper. Having passed the lens, the
phase field ϕ(ξ , ζ ) may vary strongly in an unknown way,
as discussed in the main text. Next, the light field described
by Eq. (D1) is periodically opened and shadowed by the
chopper, leading to a time-modulated light field

E(τ ) = E0(ξ , ζ )L(ξ , τ)ei[ϕ(ξ ,ζ )−ωt], (D2)

where L(ξ , τ) parametrizes the size and position of the
open part of M1. For an opening chopper window, L(ξ , τ)
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FIG. 18. Maximum signal area SA, projection of the first
parabolic mirror M1, and regions illuminated by stacks a and b,
plus an overlap area i in the plane of the chopper.

can be written as

L(ξ , τ) = 0

for − π ≤ τ < τ1 = −π/2 − r,

“M1 not reached yet”, (D3a)

L(ξ , τ) = �(ξ + r) − �(ξ − τ − π/2)

for τ1 < τ < τ2 = −π/2 + r,

“open part of M1 increases”, (D3b)

L(ξ , τ) = �(ξ + r) − �(ξ − r)

for τ2 ≤ τ ≤ 0, “M1 open”. (D3c)

For 0 < τ ≤ π , the window closes in reverse order, i.e.,
we have Eq. (D3c) for 0 ≤ τ ≤ τ3 = π/2 − r,

L(ξ , τ) = �(ξ − τ + π/2) − �(ξ − r)

for τ3 < τ < τ4 = π/2 + r,
(D3d)

and L(ξ , τ) = 0 for τ4 < τ ≤ π .
In the expressions above we have ignored the thermal

radiation also appearing when the chopper window has
closed. This part contributes to the background, which is
partially taken care of by the lock-in detection scheme and
also by our background-subtraction procedures.

Finally, behind the chopper the (still-propagating-but-
now-chopped) light field E(τ ) propagates to the bolometer,
building up (unknown) additional phase differences and
spatial correlations. Quantitatively we may describe the
light field arriving in the bolometer plane by Ebol(ξ , ζ , τ),
where the electric field at a given point (ξ , ζ ) results from

an integration of the form

Ebol(ξ , ζ , τ , t) =
∫

dξ ′dζ ′E(τ )K(ξ − ξ ′, ζ − ζ ′), (D4)

with some (complex-valued) spatial correlation function
K(ξ − ξ ′, ζ − ζ ′). Ebol(ξ , ζ , τ , t) may be written as

Ebol(ξ , ζ , τ , t) = Ebol 0(ξ , ζ , τ)ei[ϕ0+ϕ1(ξ ,ζ ,τ)−ωt], (D5)

where we have separated out a global phase ϕ0.
We should then integrate the intensity E2

bol,0(ξ , ζ , τ) over
the area of the bolometer to yield a final output P(τ )

detected by the lock-in amplifier. Given a proper calibra-
tion of the common phase ϕc in the lock-in channels X
and Y, the lock-in-amplifier outputs, after multiplication
by, respectively, cos(τ ) (channel X) and sin(τ ) (channel
Y) project out the symmetric (X) and antisymmetric (Y)
parts of the incoming signal P(τ ).

2. Analysis of various light fields

We consider three cases: namely, the case of thermal
radiation during the hot/cold calibration measurements,
the case of coherent beams of emitters a and b that
are mutually unsynchronized, and the case of mutually
synchronized emitters a and b.

a. Hot/cold calibration

Here, the (thermal) light field is fully incoherent and
contains many emission frequencies. The correlation func-
tion K(ξ − ξ ′, ζ − ζ ′) is a δ function in both ξ and ζ .
From Eqs. (D3a)–(D3d) we find that, assuming that all
optical components are well aligned with the optical axis,
the response P(τ ) is symmetric in τ if the intensity distri-
bution of the (thermal) light field in the chopper plane was
spatially symmetric (i.e., relative to coordinates ξ and π )
on the mirror M1. This (ideally) leads to a finite signal in
channel X, and zero signal in channel Y.

b. Single oscillator emitting coherently

Ebol(ξ , ζ , τ) in general contains interference terms and
may have a complicated spatial distribution. The light field
E(ξ , ζ , t) in the chopper plane is not necessarily symmetric
with respect to the optical axis (see Fig. 18), and in addi-
tion the spatial correlations built up by K(ξ − ξ ′, ζ − ζ ′)
may break original symmetries. Thus, we expect that the
lock-in-detected signal P(τ ) does not appear exclusively in
channel X, which is the case in our experiments. This can
be seen in Fig. 10 showing the four reconstructed curves
of the emission powers Pa,X, Pb,X, Pa,Y, and Pb,Y versus the
respective emission frequency, where roughly 20% of the
signal appears in channel Y. One also notes that for stack a
the shape of the curves is quite different in channel X and
channel Y. For stack b the differences are less pronounced
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but still obvious. This rules out that the signal in channel
Y is just a low-signal replica of the signal in channel X,
which would have happened if the channel-Y signal had a
nonzero signal just due to an incorrect setting of the lock-in
reference phase.

c. Mutually synchronized oscillators a and b

In the plane of the bolometer we have a light field of the
form

Ebol(ξ , ζ , τ , t) = Ebol 0,a(ξ , ζ , τ)ei[ϕ0a+ϕ1a(ξ ,ζ ,τ)−ωat]

+ Ebol 0,b(ξ , ζ , τ)ei[ϕ0b+ϕ1b(ξ ,ζ ,τ)−ωbt]. (D6)

The intensity EbolE∗
bol is given by

Ebol(ξ , ζ , τ)E∗
bol(ξ , ζ , τ) = E2

bol 0,a + E2
bol 0,b + 2Ebol 0,a

+ Ebol 0,b cos[δ + �ϕ(ξ , ζ , τ)], (D7)

with the oscillator phase difference δ (see Appendix
C) and the geometric phase difference �ϕ(ξ , ζ , τ) =
ϕb(ξ , ζ , τ) − ϕa(ξ , ζ , τ). Here we omitted the arguments
in the amplitude functions for simplicity. The last term
on the right-hand side is the interference term. After
time-averaging over the fluctuations of δ(t), one obtains

Ebol(ξ , ζ , τ , t)E2
bol(ξ , ζ , τ , t) = E2

bol 0,a + E2
bol 0,b

+ 2Ebol 0,aEbol 0,b〈cos[δ + �ϕ(ξ , ζ , τ)]〉, (D8)

with C(�f ) =
√

〈cos δ〉2 + 〈sin δ〉2, δf = tan−1(〈sin δ〉/
〈cos δ〉), and �f = fb − fa, given in the main text and
discussed in Appendix C, the time-averaged cosine gives

〈cos[δ + �ϕ(ξ , ζ , τ)]〉 = C(�f ) cos[δf + �ϕ(ξ , ζ , τ)].
(D9)

Next, Eq. (D8) should be integrated over the bolome-
ter area, yielding P(τ ), to be multiplied by, respectively,
cos(τ ) and sin(τ ) and integrated over time. Expanding the
cos term in Eq. (D8), we obtain

2
√

2Ebol 0,aEbol 0,bC(�f ){cos(δf) cos[�ϕ(ξ , ζ , τ)]

− sin(δf) sin[�ϕ(ξ , ζ , τ)]} (D10)

and from there after integration over the bolometer area
and time, one finds for the lock-in-detected interference

term in channel X

PXab = PX,cosC(�f ) cos(δf) − PX,sinC(�f ) sin(δf),
(D11)

which can be reformulated as

PXab = PX,0C(�f ) cos(δf + ϕX), with

PX,0 =
√

P2
X,cos + P2

X,sin and ϕX = tan−1
(

PX,sin

PX,cos

)
.

(D12)

Similarly, we obtain for channel Y

PYab = PY,0C(�f ) cos(δf + ϕY), with

PY,0 =
√

P2
Y,cos + P2

Y,sin and ϕY = tan−1
(

PY,sin

PY,cos

)
.

(D13)

The overall response in the two channels can be written as

PX = PX,a + PX, b + PX,0C(�f ) cos(δf + ϕX)

(channel X), (D14)

PY = PY,a + PY, b + PY,0C(�f ) cos(δf + ϕY)

(channel Y). (D15)

After determining the background relative to the interfer-
ence term, as outlined in Appendix B, and division by the
background one obtains

SX = PX,0

PX,a + PX,b
C(�f ) cos(δf + ϕX)

= SX,0C(�f ) cos(δf + ϕX) (channel X), (D16)

SY = PY,0

PY,a + PY,b
C(�f ) cos(δf + ϕY)

= SY,0C(�f ) cos(δf + ϕY) (channel Y), (D17)

which are the functions used in the main text.
PX,a, PX,b, PY,a, and PY,b can be obtained from

the experimental data via analysis of the background
as outlined in Appendix B. PX,0 and PY,0 are not
accessible independently of C(�f = 0) = C0. However,
we note that PX,0 and PY,0 result from spatial inte-
grations over the terms Ebol 0,aEbol 0,b cos[�ϕ(ξ , ζ )] and
Ebol 0,aEbol 0,b sin[�ϕ(ξ , ζ )] in Eq. (D10). They can be very
small if the cosine and sine functions change sign often
over the bolometer area. As a consequence, small values
of the products SX,0C0 and SY,0C0 do not imply that the
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maximum value of C0 is small. Thus, we can get informa-
tion on the shape and the width of C(�f ) but not on its
magnitude C0. More details are given in the main text.
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