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hologram, as through a slide, which leads to a sinusoidal modulation of the wave phase. A
consequence of this consideration are expressions for the diffraction orders amplitudes, which
coincide with the expressions obtained in the Raman-Nath theory of light scattering by ultrasonic
waves. The paper compares expressions for the amplitude of the first order of diffraction, ob-
tained in the framework of several theoretical approaches, including perturbation theory in a
rigorous formulation of the boundary value problem. As the thickness of the hologram tends to
zero, the expression obtained in this way coincides with the expression obtained in the two-wave
approximation of the coupled-wave theory. Both expressions satisfy the electrodynamic reci-
procity theorem. Under the same conditions, the expression obtained as a result of the slide-like
consideration does not satisfy the reciprocity theorem and differs from the indicated expressions
by a factor equal to the ratio of the cosines of the diffracted and incident waves. It is concluded
that considering a thin hologram as a slide can lead to noticeable errors.

1. Introduction

We are interested in approaches that make it possible to obtain simple approximate analytical expressions for the amplitudes of the
diffraction orders of a thin hologram with a sinusoidal modulation of the refractive index. At first glance, it seems that the passage of a
light wave through a hologram whose thickness tends to zero can be represented as the multiplication of the wave amplitude by some
two-dimensional complex transmission function. In other words, it seems that the process is similar to the passage of a beam of light
from a slide projector through a slide. With this consideration, the phase of the transmitted wave acquires a sinusoidal modulation [1].
The field in the half-space behind the grating can then be represented as a superposition of plane waves (diffraction orders) with
amplitudes proportional to Bessel functions of the corresponding order [2-6]. The expressions obtained in this manner coincide with
the well-known Raman-Nath expressions for the diffraction order amplitudes [7]. The use of the Raman-Nath expressions for thin
holograms raises the following questions: a) the Raman-Nath theory derived for the case when the grating period significantly exceeds
the wavelength of light, and in holography, these are usually values of the same order; b) the Raman-Nath theory was constructed for
volume periodic structures, and for thin holograms, it is assumed that the hologram thickness is negligibly small. In addition, it turned
out that the use of the Raman-Nath expressions for the amplitudes of waves diffracted by each layer in the thin-grating decomposition
method [2] can lead to an energy imbalance [8].

To understand the above issues, in this study we consider the problem of light diffraction by a hologram of finite thickness with a
sinusoidal modulation of the refractive index. A rigorous statement of the boundary-value problem is used, taking into account the

E-mail address: asmolovich@petersmol.ru.

https://doi.org/10.1016/j.ijleo.2022.170432
Received 3 November 2022; Accepted 13 December 2022

Available online 16 December 2022
0030-4026/© 2022 Elsevier GmbH. All rights reserved.


mailto:asmolovich@petersmol.ru
www.sciencedirect.com/science/journal/00304026
https://www.elsevier.com/locate/ijleo
https://doi.org/10.1016/j.ijleo.2022.170432
https://doi.org/10.1016/j.ijleo.2022.170432
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijleo.2022.170432&domain=pdf
https://doi.org/10.1016/j.ijleo.2022.170432

A.M. Smolovich Optik 273 (2023) 170432

transmitted and reflected diffraction orders [9,10]. The wave equation is solved using perturbation theory [11-14]. We compare the
expression for the first diffraction order obtained in the first approximation of the perturbation theory with the corresponding
expression obtained in simplified consideration, as the hologram thickness (d) tends to zero. To achieve this, both expressions are
expanded to a series in d and limited to a linear term. Both expressions are analyzed from the perspective of the fulfillment of the
electrodynamic reciprocity theorem [12,15]. For a particular case, the expressions are compared with the results of the two-wave
approximation of coupled-wave theory [16]. Their use in the thin-grating decomposition method [2] is also discussed.

2. Simplified consideration of the passage of a plane wave through a thin hologram

Let a thin hologram be limited by the planes z = 0 and z = d, the refractive index of the hologram has a sinusoidal modulation n =

no + ny cos (%), where A is the grating period (Fig. 1). Let a plane wave with a wave vector k lying in the xz plane falls on the ho-

A
logram from the region z < 0 (Fig. 1), where k =kong = 2’;"0, and ) is the wavelength of light. It is usually assumed that a wave passing

through a thin phase sinusoidal hologram acquires sinusoidal phase modulation; that is, up to a constant factor, the field in the z = d
plane is equal to (Section 8.5 in [1]):

exp {iéj cos (%)} , (@Y)]

where & is a constant defined below. Next, we consider the fact that the function

exp {ixu +iz (k2 - uz) 1/2] R (2)

where u is arbitrary, is the exact solution of the wave equation [17] for z > d [18]. Owing to the linearity of the wave equation, its
solution is also the sum
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Fig. 1. The geometry of a phase grating with an incident plane wave and diffracted waves. The wave vectors are denoted as follows: k is the wave
vector of the incident wave, k.1, ko, k; are the wave vectors of the transmitted diffraction orders; kX 1, k%, k&, are the wave vectors of the reflected
diffraction orders; Q is the grating vector.
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where Jp, is an mth-order Bessel function. Expression (3) exactly satisfies the unperturbed wave equation in the region z > d, and
coincides with (1) in the plane z = d (Section 7.2.4 [19]). To determine the specific values of the amplitudes of the diffraction orders, &
must be related to hologram parameters. It is generally believed [2-6] that:

7k0ﬂ1d
A

¢ (€]

where 0 is the angle between the vector k and the normal to the hologram. This expression is obtained if we assume that the incident
wave passes through a thin hologram as through a slide, i.e. a plane wave propagates inside the hologram according to the laws of

geometric optics, which gives a complete phase shift c’;‘gdg [no + ny cos(ZX)]. Then from (3, 4) we can obtain the following expression for
the amplitude of the m-th diffraction order:

m zﬂdn]
E,=(i .
= ("I <}i cos 9) ©)

Expression (21) coincides with the Raman-Nath expression for the amplitudes of diffraction orders [7]. The use of Raman-Nath
expressions here raises the following questions: a) Raman-Nath expressions obtained for the case when the grating period signifi-
cantly exceeds the wavelength of light, and in holography these are usually values of the same order; b) the Raman-Nath theory is
constructed for bulk periodic structures, and the thin hologram thickness is assumed to be negligible. To answer these questions, the
next section uses a rigorous formulation of the boundary value problem, which is solved using perturbation theory.

3. Solution of the wave equation in the first approximation of perturbation theory

Consider a flat phase hologram of thickness d with sinusoidal modulation of refractive index n and grating vector Q in the xz plane
(Fig. 1). We assume that the x-axis lies in the hologram plane, and that the z-axis coincides with the normal of the hologram. In this
case, in the region 0 <z < d, the refractive index is

n = ny+n, cos(Qr), (6)

where r denotes the radius vector. Let a linearly polarized plane wave with a wave vector k lying in the xz plane and an electric vector
having only the y-component falls on the hologram from the region z < 0. In this case, the resulting electric field also has only the y-
component Ey, and the problem becomes scalar. E, must satisfy the following wave equation [17].

V2E, + n*kE, = 0. )

In (7), time factor exp(-imt) is omitted. The local refractive index of medium n in (7) is described by (6) within the hologram
(0 <z < d) and n = ng outside (z < 0, z > d). The continuity conditions of the tangential components of the vectors of the electric and
magnetic fields were used as boundary conditions at z = 0 and z = d. It can be obtained from Maxwell’s equations [17] that the
tangential component of the magnetic field, Hy, is proportional to'%. Therefore, in our case, the continuity conditions of E, and % are

used as the boundary conditions. We will solve this problem using perturbation theory [12], which represents the electric field of the
wave in the region 0 <z < d as follows:

E, = exp(ikr) [E© + EV + E® + . )]

Expression (8) is somewhat different from the similar expression in [12]. According to the usual practice of perturbation theory, it is
assumed that E© 3> E® > E® > . In this case, E@exp(ikr) must satisfy the unperturbed (n = ng) Eq. (7), and E©@ is a constant
assumed to be equal to unity. The equation for the first perturbation theory approximation follows from (6—8):

F(EM) o (EW a(EM o(EW
E)xz )+ E)zz )+2i ky (dx )-I-kZ (dz ) = —kﬁnonl[exp(iQr)+exp(—iQr)]. )

We will look for E(l)(x,z) in the form:

EW (x,z) = Ey(2)exp(iQ:x) + E_; (z)exp( — iQ.x) (10)

From (9) and (10), we obtain an ordinary differential equation with constant coefficients for the wave amplitude E;(z) corre-
sponding to the (+1)th diffraction order as follows:

E E
<E, + 2ik,ﬂ - <Q§ + ZkXQX) Ey = —Knonjexp <iQ,z> : (1)

dz? dz

A general solution of (11) is:
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E; = EVGexp(iQ.z) + Ciexpliz( — k. + ki) | + Coexpliz( — k. — ki) ], (12)
where
- kénonl
O 2kQ) 43

Here, the components of the wave vectors of the diffraction orders are determined by the expressions:

kie =k, + Q)m
klz = [kz - (kr + Q.x)z]

Constants C; and Cp in (12) must be determined from the boundary conditions. On the plane z = d, the field E;(z) must be
“matched” with the field of a plane wave in a homogeneous medium:

1/2 14)

ETexpli(kix+ki.2)], (15)

corresponding to the 1st transmitted diffraction order. On the plane z = 0, the field E;(z) must be "matched" with the field of the plane
wave:
Efexpli(kix—ki.z)], (16)

corresponding to the 1st reflected diffraction order. "Matching" here means equating functions and their first derivatives with respect
to z. This yields the following system of four equations.

Ef=GEY +C + G, a7
— ik Ef = i(k; + Q.)GE") +ik;.C, — ik, Cs, (18)
Elexp(iki.d) = GEVexpli(k. + Q.)d] + Ciexp(iki.d) + Crexp( — iki.d), 19
ik Elexp(iki.d) = i(k, + Q.) GEVexp|i(k, + Q.)d] + ik, Ciexp(iki.d) — iki,Crexp( — iki.d), (20)

From the system of Egs. (17-20) constants Cj, Co, ElT, and E’f are found. In particular, the amplitude of the 1st transmitting
diffraction order is equal to:

ET _ G(klz + kz + Q,){exp[i( — klz + k: + Q’)d)} — 1}

21
! 2k,, (2D

4. Comparison of expressions for the amplitude of the first diffraction order obtained using several theoretical approaches

Let us compare, at small d, the amplitudes of the 1st diffraction order, calculated by expression (5) at m = 1, and by expression (21),
obtained on the basis of perturbation theory. To do this, we expand both expressions to a series in d, restricting ourselves to a linear
term, denoting it as *VETand PTE], respectively.

RN T _ ikol’l]d

- , 22
' 2cos & (22)
T ikon,d

P 1Ko, 2
1" 2cos 0, (23)

where cosb; is the cosine of the slope of the wave vector of the 1st diffraction order to the z-axis. The denominator of (22) contains cos6,
and the denominator (23) contains cos1.

We now compare (22) and (23) with the expression obtained by Kogelnik [16] for a transmitting phase hologram under the exact
fulfillment of the Bragg condition. It is known that when n; is small, Kogelnik’s formulas are also valid for small d [20]. Under these
conditions, from Eq. (42) in [16], we obtain the following expression for the amplitude of the diffracted wave.

cos 9\ '? and
—i sin | ——— | - 24
<COS 91) A(cos 6 cos 6;)"/?

For a small d, by replacing the sine function in (24) with its argument, we obtain (23) up to a phase factor.

Let us check for expressions (22) and (23) the validity of the electrodynamic reciprocity theorem (Section 2.5 [15]), which, as
applied to phase gratings, requires that when the wave vectors of the incident and diffracted waves are interchanged, and the sign of
the grating vector is simultaneously changed, the diffraction efficiency does not change [12]. The diffraction efficiency n is given by
[16].
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| cos 6]
" cosd

Ei(d)E}(d). (25)
For expressions (22) and (23) we obtain, respectively:

20 n
rv, _ konid
4cos30’

(26)

221
PT, _ kynid

= o0 27
4 cos 0 cos 6, (27)

Obviously, expression (27) will not change when the angles 6 and 6; are interchanged, whereas the value of expression (26) will
change. Thus, the expression obtained using perturbation theory satisfies the reciprocity theorem, whereas the expression obtained
based on the Raman-Nath expression does not. It is easy to see that the original expression (21), as well as expression (42) from [16]
also satisfy the reciprocity theorem.

5. Discussion

A comparison of the expressions for the amplitude of the first diffraction order, obtained in the first approximation of the
perturbation theory, in the two-wave approximation of the coupled-wave theory, and in the Raman-Nath theory showed that for a
small thickness of the hologram, the first two expressions coincide with each other and differ from the third one. In addition, the
reciprocity theorem is satisfied for the first two approaches but not for the third. We emphasize that the aforementioned difference in
expressions is preserved for d—0 and n;—0. This difference becomes insignificant only when A/) increases, that is, when the condition
of applicability of the Raman-Nath expression is satisfied. For the applicability of perturbation theory, this condition is not required,
but in this case the amplitudes of the diffracted waves must be significantly lower than the amplitude of the incident wave. This
allowed us to conclude that considering a thin hologram as a slide can lead to noticeable errors if the cosines of the incident and
diffracted waves differ significantly.

This conclusion is important not only for thin holograms but also for volume holograms when using the thin-grating decomposition
method. It turns out that when using Expression (21) in the thin-grating decomposition method for the amplitudes of waves diffracted
by each layer [2], the values of the amplitudes of the diffraction orders will be overestimated or underestimated, depending on the
ratio of the cosines of the corresponding angles, which in both cases will be noticeable by the imbalance of energy. At the same time,
when using Expression (23) in the calculations, the energy conservation law is fulfilled quite accurately [8].

Let us point to another interesting consequence of this consideration. Let the object field consist of several plane waves with
amplitudes of /E and wave vectors kj lying in the xz-plane with different angles ; along the z-axis. Then, with linear registration and

L

ideal reconstruction, the components of the reconstructed field are proportional to_ 7 JEaccording to Expression (23). In other words,

the object field restored in the first diffraction order is slightly distorted compared to the original one. This deduction can be easily
generalized to the case of a continuous spatial-frequency spectrum.

6. Conclusion

The simplest consideration of the passage of a plane light wave through a thin hologram, like the passage of a light beam through a
slide, leads to expressions for the amplitudes of diffraction orders coinciding with the expressions obtained in the Raman-Nath theory.
We compared these expressions with the results obtained using other approaches. We obtained a solution for the task of light
diffraction on a hologram of finite thickness with sinusoidal modulation of the refractive index in the first approximation of the
perturbation theory. A rigorous formulation of the boundary value problem was used, taking into account the transmitted and reflected
diffraction orders. The resulting expression for the first transmitted diffraction order was compared with a similar expression in
Raman-Nath theory for hologram thickness d tending to zero. To achieve this, the expressions are expanded to a series in d. The terms
of the expansion of the first order in d differ from that in the case of using perturbation theory, the denominator is cos6;, and in the case
of using the Raman-Nath theory, cos0. The difference between the expressions is preserved at d—0 and n;—0, and disappears only as
A/M\increases. It is shown that the expression obtained in the perturbation theory approximation, in contrast to the expression obtained
from the Raman-Nath expression, first, for a small d coincides with the expression obtained by Kogelnik, and second, satisfies the
electrodynamic reciprocity theorem. The use of expressions obtained using perturbation theory in the thin-grating decomposition
method makes it possible to avoid energy imbalance. It is shown that when reconstructing an object field containing many plane waves
with different inclination angles, the ratio of their amplitudes is somewhat distorted compared to the original one. The main conclusion
is that considering a thin hologram as a slide can lead to noticeable errors if the cosines of the incident and diffracted waves differ
significantly.
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