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Abstract—A phase diagram of the dynamic magnetoelastic states of an easy-plane antiferromagnet is con-
structed. A dispersion relation is obtained for nonlinear magnetoelastic eigenwaves. It is shown that, at the
point of the orientational phase transition, the dispersion of coupled spin and elastic waves depends only on
wave amplitudes and parameters of magnetoelastic coupling.
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INTRODUCTION

Coupling of electric, magnetic, and elastic subsys-
tems of material media leads to various physical
effects. In particular, the spectra of magnetically
ordered solids exhibit elementary excitations of cou-
pled magnetoelastic waves (MEWs) the propagation of
which leads to variations in both strain and magnetiza-
tion. The maximum effect is observed in the vicinity of
the points of phase matching where frequencies m and
wave numbers kof the spin and elastic waves coincide
in the absence of coupling of the subsystems. A known
example is the hybridization of spin and elastic waves
in ferro- and ferrimagnets that has been theoretically
analyzed in [1] (see also [2, 3]). The first experiments
that prove the theory have been reported in [4—6].

Effect of magnetoelastic interaction on wave pro-
cesses is more complicated in antiferromagnets
(AFMs). The lower branch of the dispersion curves of
spin waves exhibits anomalous behavior at k — 0 in
AFMs with easy-plane anisotropy [7—9] due to spon-
taneous magnetoelastic strains in the ground state
[10]. Such an effect was called magnetoelastic gap in
[11]. Easy-plane AFMs with relatively weak ferromag-
netism in the neighborhood of the orientational phase
transition (OPT) exhibit strong dependence of the
speed of sound on magnetic field strength in the basal
plane [12—14]. Effect of pressure and magnetic field
on the propagation of linear eigen MEWs in uniaxial
AFMs has been reported in [15—17]. In the vicinity of
the OPT, such waves that are neither harmonic nor
linear even at small amplitudes owing to orientational
instability of the magnetization vectors of sublattices
exhibit strong dispersion (nonlinear eigen MEWs: sol-
itary, cnoidal, and helical [18—24]). Effects of magne-
toelastic coupling on shock waves and anharmonicity
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of acoustic waves have been studied in [25] and
[26, 27], respectively.

In the vicinity of OPT, a spontaneous violation of
symmetry leads to several nontrivial effects. The theo-
retical calculations of [28, 29] and the supporting
experimental results of [30] show that a low-frequency
elastic wave in an easy-plane ferromagnetic material
may cause transitions from one state to another in the
regions of tension and compression with formation of
a traveling domain structure consisting of different
phases. A high-intensity elastic wave generates spatio-
temporal periodicity in a medium and provides condi-
tions for stable and unstable parametric interactions
between spatiotemporal harmonics of spin waves
[31, 32]. Nonlinear MEWs of different types in the
vicinity of OPT can be considered as dynamic states
with a certain symmetry that is modified when the
type of wave changes. Modification of such states in
the presence of variable elastic stress is similar to mod-
ification of static states in the presence of static stress
(i.e., represents a phase transition).

In this work, we study the phase diagram of
dynamic magnetoelastic states and specific features of
solitary and coupled MEWs in the vicinity of OPT in
an easy-plane antiferromagnet.

1. BASIC EQUATIONS

We solve the problem in the framework of the the-
ory of classic fields [33, 34] using the Lagrangian of an
elastically stressed multisublattice magnetic material

L=T-U, (1)
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where
T = ZM&) aq) cos 0" (au)
— g ot ot
is the kinetic potential [35], 0<6"” < and

0< q)(”) < 2m are the polar and azimuth angles of the
magnetization vector of the n th sublattice

M = pm” {sin 0 cos 0", sin 6" sin 0", cos 9(")} ,

M{" and g are the saturation magnetization and
gyromagnetic coefficient of the » th sublattice, p is the

material density, U = U (M,-("),E)M,-(") /8xn,uij) is the

potential energy, u; = (du;/dx, + du, [dx;)/2 are the
components of the strain tensor, and # is the vector of
elastic displacements. The Lagrange equation is writ-
ten as

oL _ 0 JdL )
9g, 0x"0(0q,/ox")
q, = {e(n) q)( ") ux,uy,uz} x(v) = {x(O) = t,x(l) = X,
x? = V, X x¥ = } the energy—momentum four-vec-
tor of the field is given by pY J.T X x d X,
where the field tensor is
7o _ oL 99y _ .

" 3(0g, /o)
(vu)

g is 0 at v£u, +1 at v=pu=0, and —1 at

v)

v =W =1,2,3. Invariance of P*"’ leads to the equation

of continuity
(vm) (v0) (v1) (v2) (v3)

oT™ _ 9T + oT + oT + a7

o ot ox dy 0z
Field energy density T 9 and fluence 7™ are inde-
pendent of gyroscopic terms and given by

2
T(OO): aL %_LEH:B(B_U) +U’
d(dq,/ot) ot 2\o¢
gow ___ 9oL 9,

= —8 (aqn/ax(u)) ot

and the density of the x(v)—component of the field
momentum is represented as

o) __ 9L  dqg,
d(9g,/9t) 9x"
(n) (n)
_ _ZM(O) cos e(n)ad)_(v) dii au
n 8 ! 0x at 8
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With allowance for dissipation, the Lagrange equa-
tions are written as

4oL L, oL
dtd(dq,/ot) 8(dq,/ot) &g,

where the dissipative function is represented as

() (m)\2 (m)?
L, = 1My _ ) (89 j + o9~ sin” 6"
—2 g(n) ot ot

1 n aulj aukn
ot ot
#" are the dissipative coefficients of magnetization,
and 1y, are the components of elastic dissipative
tensor,

=0, 3)

S d _d d

dq, 0x,9(9q,/0x,)

The following equations of motion are obtained from
expressions (1) and (2):

9" 20"
g(") ot ot
_9_ 9w U
ox,d(20" /ox,) 20"’
(n)
M(n) sin 0" (86 99" ] 4)
g ot ot
_9 U U
0x, 9 (aq)(”) / ax,,) oo’
%, w6 do
1 8 = ——(1 6 = )
p a 2 2( + mrl) axm 2( + ”1”1) axm
where G G, = aU/ale,, and Gnm = MNumks (aukl/at)

are the elastic and viscous stresses.

For the system under study, the potential energy
contains contributions of magnetic subsystem U,
elastic subsystem U,, interaction of the subsystems
U,,, and interaction of resulting magnetization M,
with external magnetic field H, and demagnetizing
field H,, so that U=U,+U,+U,, —
M, (FIO +H, / 2). The contribution of the magnetic
subsystem is

U, =0, (M".0M" [0x,) = U,,, + U,

where
nm=N o7 (1) o (m)
U, = Z ai(jnm) oM™ oM
nm =1 ax[- axj
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is the potential of inhomogeneous exchange inter-
action,

nm =N

Z bnm n )

n,m =1

n,m,p,q =N

A

n,m,p,q=1

MM

is the homogeneous potential in which the terms that rep-
resent scalar products determine the energy of homoge-
neous exchange interaction and the remaining terms

determine the anisotropy energy, a}l."m), b,;"m), and b,-(jZ}"p )
are the phenomenological constants, U, = (1/2) A;u;u,

is the potential of elastic subsystem,

is the potential of magnetoelastic interaction,
n=N
— Z "
n =l

is the resulting magnetization, and H 4 1s the demag-
netizing field that satisfies the equations
divH,; = —4ndivM, and rot H, = 0. Dynamic mag-
netoelastic states are determined by Egs. (2), and
homogeneous and inhomogeneous static states are
determined by the equations

5U/80" =0; 83U /86" =0, 8a,,/8x, =0. (5)

Using Egs. (4), we represent the equations of
motion for magnetization vectors of the sublattices as

(%)
©y {— agt sin 0™ cos 6"
() (¥)
- d0 sin 07 cos 0 + rae }
ot ot
_d Jdu Jdu

" av,0(00%/ax,) 26

) ()
o, 99 sin 0™ cos 0" — 99 sin 0 cos 6™ (6)
ot ot

(¥)
+ rg—(sin2 6(+) cos’ 9(7) +sin’ 9(7) cos’ 9(+))
t

(£)
+ 2r agt sin 0" cos 87 sin 87 cos G(Jﬂ
_0 du _du
ox, 8<8¢(i) / ox ) a6’
where 6% = (6" 6% +m)/2, 0V =6"+0",
6(2) — e("') e( ) +T q)(i) — ( (2) + 7'[)/2
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q)(l) — ¢(+) + q)(*)’ ¢(2) — q)("') _ (p(*) +T, Wy = 2M0g,
=|p = 32 g= g(l) = g(z) r=r"Y =% and
u= U/(2M0)2 is the normalized homogeneous poten-

tial. Angles 8 and (])(_) determine the degree of non-
collinearity of the magnetization vectors of sublattices.

2. GROUND STATE

We consider a tetragonal antiferromagnetic mate-
rial in the presence of external uniaxial elastic stress
exerted along the edges of a unit cell. We restrict consid-
eration to a system that is far from the spin-flop transition

when || <71, where i = (]\7[(') + A7[(2))/(2M0) and

I = ( W _ M (2)) / (2M,) are the normalized vectors of

ferromagnetism and antiferromagnetism, respectively.
In such an approximation, the terms of the normalized

potential u = u,, +u,,, +u, canbe represented as
u, = agm’ +am’ + kil + k(I + 1} + 1)
+ k(G0 + (2 + 1) 12),
u,, = b, (l u, + lyuyy) + byl (U + 1)
+ b, (L, + lylzuyz) + bl Ly, )
u, = (1/2)[ " (uxx + uyy) + 7»33u§z]
+ Mgttty + N3 (U + 1y ) u
+2h 44 (u)zcz + uﬁ ) + Qe

+b3lu

7z

ZZ
xy>

where g, and q, are the exchange constants; ;, k,, and
k, are the constants of magnetocrystalline anisotropy,
b, are the magnetoelastic constants, and A, are the
elasticity coefficients.

In the absence of stress in the AFM at a,,q, > 0,
the ground static state corresponds to the absence of
resulting magnetization. At relatively large constant

k, >0, we obtain the easy-plane state. At
k, — 2k, > 0, we have one of two degenerate collinear

plane states: /, =0, lﬁ =1 or li =1/, =0. External

(0)

elastic stresses (5 normalized by (2M,, )2 cause equi-

librium strain u ) that can be represented in the fol-

lowing way using equations G =du / duy:

:_bll( ) b12( ) _b1*3(§0))2
+ A0 + kzoc + A0,
uy) = —bjs I8 )) —b”(l V= (10

+ kmc + kloc + k3oczz,
L‘g) = —b31 (lx ) —b31 (ly ) - b, (lz0)>2
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+ k306@ + 7u30(5(y(;) + 7u40(5(;;),
D = O, Y = L)
u?) = b1 B = hob By =Ab (8)
By = (Mo + Rag) By + Ao, By = Aoy,
by = 2hsoby + Agobs,
Aip = ki/ko (i=1-4), A =NMhs;— Al
M = Ay = Aohas, Ay = (A, — M)A,
Ay =( 121 —7“22), Ao =< 121 - 122)7%3
+ 2h%5 (hiy = M1)s e = b/ (2hge).
by = by ) (2Nas).-

Substituting expressions for ufjo) from (8) to (7), we
find the equilibrium potential

Uy = a (m(o))2 +a (m(o))2 + k'(

t4
ke (1) k(1) (A7)
G R R )
+ Oy (l)(cO))z +0p (IS)))Z )
ki =k + 0y, ky = ky — 2b,brs — bybss,
Ky = ky = b oy = Ky — 2y + 28y (B = 53) — 2855,
and Kk, = k, — b, (bl*1 + b{’;) —bbE — b5

anisotropy constants renormalized by magnetostric-
tion and

where

are the

0 0 0
G =b (7\’106503 + kzocfvy) + 7\’300(&))7

0 0 0
Oxn =bh (;\’ZOGSOC) + xloc(yy) + ;\’300(11));

Gy = [y (Mg + Ayp) + bs)y] (Gggc) + G(yoy))
+ (2byAs + b37\'40)6(zg)

are the effective stresses. Magnetoelastic coupling
leads to renormalization of magnetic constants, and
the external stress leads to additional contribution to
the energy of the plane uniaxial anisotropy. When such

a contribution is sufficiently large and kl' >0, the
ground state is plane and, in addition, collinear in the
absence of external stress at k,, > 0. External stresses
may cause OPT with respect to polar or azimuth
angles.

Using the formulas for components 7 and / on
spherical coordinates, we find the conditions for exis-
tence of equilibrium states:
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9 sin20” + (1/2) 15 cos 26}

x sin 26(" sin 20}, = 0, (10
£ sin 20} 100
+ f(,fz_ )sin 26} sin 26{" cos 20{” = 0,
fe(f) sin 200" + f.f; ) cos 20} sin 26"
X sin 207 sin 205" = 0, (109
S cos 2007 + £ sin 200" = 0, (10d)

where fa), fa), jf;lf;, f‘;:z), are the functions that
determine angular (with respect to polar angle) phases
(explicit cumbersome expressions are omitted).

The analysis of Egs. (10a)—(10d) shows that one of

the following phases S ) is allowed for the equilibrium
static state of AFM. In the collinear (with respect to

vectors M" and M(2)) phase SI(S) for which

0\ = o{” = 0, Egs. (10a) and (10b) are automatically
satisfied and the orientation of the antiferromagnetic
vector is determined by the following expressions:

2
sin 29(0+)f0 =0; (sin GE)+)) sin 2¢E)+)
2
X [k24 (sin 68”) cos 2(])8” + 0y — 0“} =0,

where f; = fo(ef)”,q)g*)) is the function of the polar
and azimuth angles of vector / .

Note also possibility of axial phase Sl(f‘l) for which
6\ = 0 and plane phases S*) for which 8} = m/2 in
the three modifications: two collinear S\, and S,
(¢Ej) =0 and ¢g+> = n/ 2, respectively) and angular
(with  respect to  azimuth 9

angle) Sl(.2.3
(cos 2¢5)+) = (611 —Ox )/k24 )-

Angular phase with respect to the polar angle S, 1(53) is
also implemented in the three modifications: two col-

linear S, and "), for which

¢E)+) =0 cos’ eg+) = (011 - k;)/(2k24),
and

o) =m/2;
cos” 6 = (o, — ki — & + 263/ (283,),
and angular (with respect to azimuth) Sl(_?3 for which
cos 2¢§)+) (011 — 01)

X (4k£4 + kg )/[k% (2/‘1' +4kyy — Gy — Gy )}
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= (2ki +4kyy — Oy — (522)/<4ki4 + k24),
and k,, = k, + k, — kj.

sin’ Of)+)

3. MAGNETOELASTIC EIGENWAVES
IN THE VICINITY OF OPT

We consider evolution of nonlinear waves in the
vicinity of OPT between plane collinear phase Sf;‘) and

angular phase SS% at point 6,, — G,, = k,4. At a rela-
tively large axial anisotropy constant and low attenua-
tion, the following relationship follows from the first
equation of system (6):

(00 /01) = —k; sin 267, (11)

and the second equation of system (6) and elasticity
equations depending on variables (x, y) are repre-
sented as

ko (%07 /07) = 4, (0% /ox?)
—[(1/2) ky — ky]sin 49"

+ b (uf}j) u((;) +du, / ax)sin 2¢(+)
— (1/2) b5 cos 20 du,, /0x;
p(%u/0r") = Ay, (97w, /0x7)

+ (1/2) 5,9 (cos 20"7) fox;

p (9%, /0r) = Ao (%, /0x°)

+ (1/4)5,0(sin 20™) /ox.

Expressions (12) show that elastic strain for waves with

(12)

velocity v that are represented as {¢(+),ux,uy} < f(&),

where & = (x — vt), is given by

U = by, (cos 20 1),

where b, = b/2p0 (v =v{), b, —b6/4p(v —v;) are
the dynamic magnetoelastic coefficients and

V12 =\, / p and v,2l = Ags / p are the velocities of elastic
longitudinal y-polarized transverse waves. The New-
ton equation for a spin quasiparticle is written as

i 82¢(+)/8§2 — _azﬂb/a ¢(+)

<V2 / st — 1) is the effective mass that is

U, = bs,sin29",  (13)

(14)

where m* = q;,

positive at v’ > s’ and negative at v < s2, where
s =,0,~/qk, is the parameter with the dimension of

velocity and u'™ = sin’ ¢(+)( acos’ o) ul) is the

effective potential taking into account tetragonal anisot-
ropy with constant that is renormalized by dynamic mag-

netoelastic interaction k,, = k, — 2k, — bb,, + 1/ 2 bybs,
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and uniaxial anisotropy with constant determined by
static and dynamic magnetoelastic interaction

k, = b (uig) ”(3) - blv). In accordance with expres-

sion (14), the law of energy conservation for a quasi-

particle can be represented as w + geff
2

= (1/2) m* (8¢(+)/8§) is the kinetic energy and inte-

gration constant e serves as the total energy of quasi-
particle. An implicit solution to Eq. (14) is given by

e _1/2
[le-u™) " ag™ = (/) &-8)). (15
Type and behavior of MEW depend on function

= e, where

4" (™) the extremum values of which on interval
-1< kul/ u2 s Slnq’i::? =0,
cosd) = 0 and cos20) = ko ke :

" =" (05)) =0,
5" = (00) = K,

us" = 1 (05) = (kip = k)’ [4 Ko

For k,, > 0, the potential reaches an absolute mini-

are reached at

mum at points ¢En+1) when k, <0 and at points ¢(,,j2)
when k,, > 0. The maxima are located at points q)E,Q at
k, < —k,, points (I)E:,}) at k,, < k,; < —k,,, and points
o) at k, > k,,. When k,, <0, minimum of u" is
reached at points (I)EII) atk, <k 2, points d) ! for inter-
val k,, < k,, < —k,,, and points ¢m2 at k,, < —k,,. The

period of the potential is 7, and the period decreases
by a factor of 2 at point k,; = 0.

Figure 1 shows dependence geff (¢(+)) for k,, > 0.
The numbers on the dashed lines denote the dynamic
states (MEWSs) that correspond to different values of
the potential (see below). A similar plot for &,, < 0 is
obtained by inversion of the plot of Fig. 1 relative to
the origin of coordinates.

Type of MEW is determined by relationship of
parameters e, k,,k,, and m*. When e is above the
potential barriers at m* > 0 and lower at m* < 0, the
motion of the quasiparticle is infinite. Vector / rotates

in the basal plane, so that circular nonlinear MEWs
(waves of the rotation of antiferromagnetic vector) are
observed. When e is located between maxima and
minima of the potential, the trajectory of motion is
bounded by the potential barriers, which corresponds
to periodic nonlinear MEWSs. When e coincides with

extrema of u the trajectory either lies on the extre-
mum (homogeneous state) or passes from one extre-
Vol. 66
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Fig. 1. Plots of dependence geff (¢(+)): (closed circles) quasiparticles with positive effective mass, (open circles) quasiparticles

with negative effective mass, and (arrows) directions of motion in potential gerf

. The numbers on the dashed lines correspond to

the types of dynamic states that exist at different values of the potential.

mum to another (solitary nonlinear MEWSs). When
asymptotes are located in identical minima of poten-
tial, the waves are topologically stable (solitons).

Using the notation x = tan q)(*),
expression (15) as

J[62 =)0 =)

where

we represent

=+(E-&)B, (16

x12,2 =g iélz/z; =(2g—ku2+kul)/2(g+kul)
=1—(k +kp)/2(e+ky);
2e+ky)/m*; ey =ef(e+k,);

e =k o eff )2
€2—€1 €)= Kypl€—Us e—u | .

0" = aretan e (1 + en (&, %))/(1 ~en (&))"} +
(n=0,+£1,.
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Poles xﬁ , that are complex conjugate at e, <0,
become real at e, > 0. If e, <0, x12 >0, x22 <0, and
X < ‘xzz‘ for e, > 0, and x> ‘xzz‘ fore, < 0;ife, > 0,

2 : 2 2
poles x;, are negative at e; < 0 and ‘xl ‘ < ‘xz

,ife, <0,

the poles are positive and ‘xlz ‘ > ‘x22 ‘ Using the data for
poles, we calculate the integral in expression (16)
using the tables of [36] and represent the solution in
terms of the Jacobi elliptic functions sn(,x),
cn(&,x), and dn (&, k), where k is the modulus of
function. The solutions can be used to determine the

domains of existence and types of possible dynamic
states.

Dynamic state 1: kuz( — u; ) >0; B>0. In this
case, the azimuth angle is calculated as

A7)

s

Vol.66 No.1 2021
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where &, = (§-&,)/3,, § = (Bgl)/z)_lﬁis the charac-
k, and |e| > (1/2)|k, — k|, the

modulus is K} = k,,/4e; if K, —> 0 cn — cos, ¢y — 1,
so that

teristic length. If |¢ >

(18)
In a static coordinate cross section, vector [/
rotates with time in the basal plane. At a fixed time

moment, vector / rotates with displacement along
the x axis, so that we obtain circular nonlinear MEW.

0" = (1/2) (£ &) + nm.

At e—ul, k-1, cn— tanh/sinh, and

ey — (kp —ky )’ / (ky» + ky )’ = tan® o), expression
(16) describes a solitary nonlinear MEW for which
o) = arccot [iggw tanh(i1/2)] + nm. (19)

Asymptotic values ¢(+) (o) are shifted from 11:/ 2 by
arcctg )
g ¢m3 .

Substituting expression (17) in expression (11), we

find polar angle 6$+) of the exit of antiferromagnetic
vector from the basal plane:

= (1/2) -
= +3,el*F dn (&, %)/(1-cn (&,%));
8, =8,/8.8, = —v/20,k, F=(1+a)
@ = e’ (1+en(8.%))/(1-cn (E.1)).

Polar angle o) periodically changes from mini-

o * (- )1 s 1) o

point en (&, xy) €0 (1 - Kl_z), where
ey = e:)/4/<1 +g:)/2), €y = ( —e:]/z)/(l +gl)/2) to maxi-

(20)

mume =

¢(+) = arccot[ ( 1)

o = arccot[ (x1 —xjcn (&2,1(2))

where

K = —xzz/(xl2 -x5)=(1+ee”) /2
& =(6-&)/8,; 8, (ZBel/ 2) is the characteristic
length; 0 < k; <1/2 for ¢, <0 and 1/2< x; <1 for
e, > 0. We have ¥, — 1/2 when e — 2(k,, — k,, ). For

K,, > 0, the modulus k5 — 1/2, when e — u". We
have k, >0 at e—> -k, in the intervals
k, < —k,, k, >0 and also at e — 0 in the interval

JOURNAL OF COMMUNICATIONS TECHNOLOGY AND ELECTRONICS

-1/2

cn (&, K, )J + nm,

mum GM = 8V1/2e1/4 at point sn(§;,x)=0. At
K, — 1, we have o) »w — 0. When the direction of rota-
tion of vector / changes, the sign of the angle of exit
from the basal plane is changed.
Substituting expression (14) in expression (10) with
allowance for formula (17), we find
Uy = _blanza u

VX

= by, Fa. 1)

Exit of vector / from the basal plane is related to the
strain

u,, = b, cosd"sin 6", (22)

where b,, = b, / 4p(v
obtain

= b Sl F dn (5,,%,)/(1 - cn (&, %))

Strain u,, ranges from 0 to b, and has zero mean
value, the amplitude of the alternating strain is

U,o=bs,, and parameter e is given by

e = uoom* / (b4V6V)2, where u_,, is the amplitude of u, .
Nonlinear circular MEWs are excited by the strains
determined by expressions (21) and (23), and the
domains of existence are given by inequalities

—szz), v = Ay /p, so that we

(23)

ff ff
k, >0, g>g§ >max(0,g§ ), m* >0,
eff eff (24)
k, <0, e<u, <min{0,g2 }, m* < 0.

Dynamic state 2: k,, (g °ff) <0, B>0.Thetype

of state depends on the sign of e;: e, <0 at
0<e<—k, or —k, <e<0; e, >0 at
e > max{0,—k,} ore < min{0,—k,,}.

Dynamic state 2.1: ¢, < 0. Equation (16) has two
solutions

(25)

-1/2

sn(&,, KZ)J + nm,

0<k, <k,.Wehave K§ — late — Ointheintervals
k, >k, k, <0 and at e — —k, in the interval

—k,, <k, <0.Forx,, <0, the intervals are obtained
using the inversion of the above intervals. Expres-
sions (25) describe the periodic nonlinear MEWSs with

oscillations of /' relative to the y axis with the ampli-

that are phase-shifted by
one quarter of the period of elliptic functions.

-1/2
tude ¢ = arccot(xl2 ) /
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For x, — 0, expressions (25) correspond to har-
monic waves

o) = acosE,, o) = asin&,,

the amplitude is

1

[(e+ km)/(kuz —ky — 22)]/

For k, — 1, we have sn — tanh, cn — tanh/sinh,

xl2 — 0, and x22 = (k, / k,;) — 1, so that expressions (21)
correspond to either a constant or a solitary wave with
asymptotic values of 0 and :

o = 0 and
(+) _ -1/2 .
¢ — arccot{x[l—(k,,/k,)] " sinh&, | + nm.

Expressions (11) and (25) show that the angle of
exit of vector / from the basal plane is given by

6v2( ) Fysn(&;k,)dn (&, K,),
9(+) ¥0,, (x,2 - X ) FyFysen(§,%,)dn (g, x,),

where

where o =

ff
—0ate - u, .

(26)

27)

-1
F, = |:1 + x,zcnz (&, Kz)] )

1
F, = [1 + F23sn2 (&, %, )] )

2 2 2 -1
By = I:xl - x, en” (&, Kz)]
Substituting expressions (25) and (27) in expres-
sions (13) and (22), we find that elastic strains corre-
sponding to the two solutions are represented as

Uy =—b, By, u, ==xbsF,cn (gzs‘(z)»
-1

VX
u, =tb,0 (xz)
> = —Y4vYy2 1

3/2
X Byl sn (&) en (6, ;) dn (5, K,),
= —by, Fp. u,, =+, FyFlsn (&,%,),

yx

(28)

2 2\l 532,02
Uy = 1b,,8, (xl - xz) £y By X

X sn(&,,K;)en (&, K,)dn (&, K, ).
Mean values of u,, differ from zero whereas quantities
u,, and u,, averaged over period are zeros, and param-
eter ¢ is represented in terms of the wave amplitudes.
The solutions under consideration exist when
kp >0, —k, <e<0, m*>0;
0<e<—k

ul>

2
m* < 0. (29)

The type of motion is determined by functional

dependence u" (¢(+)). In the vicinity of the extrema,
we obtain nonlinear wave perturbations (cnoidal
waves). When the amplitude decreases (increases), the
nonlinear waves are transformed into linear harmonic
(solitary) waves. Conditions (29) correspond to stable
dynamic states. In the presence of dissipation, the
oscillations are damped and the magnetic subsystem
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asymptotically tends to the ground state. The oscilla-
tions of quasiparticles with the opposite sign of the
effective mass are unstable. However, topological sta-
bility (26) is implemented when asymptotic values
¢(+) (&,) correspond to identical extrema separated by
a potential barrier. In the presence of dissipation, such
topological solitons (that determine the boundary
between the vacuum states in the static regime) are
slowed down in the absence of shape changes.
Dynamic state 2.2: ¢, > 0. The type of motion

depends on the sign of e;, which is positive at e > —k,,,

%(ku2 —k,) or e < —k,, %(ku2 — k,,) and negative at

k, > —k

us _kul < 4 < ;( u2 ul) or kul < _kuZ’

%(kMZ - kul) <e< _k”l'

Dynamic state 2.2.1: ¢, > 0. Two solutions exist:
o) = arctan [i(—xf)l/z sn (&3, K; )/cn ((SA )] +
0™ = arctan [i (—x22 )1/2 cn (&, % )/sn (&% )] + i,

G =0d-x)/(=3) =

8, = (—szz )_1/2 and &; = (§-&)/3; is the character-
istic length. Formulas (30) describe the nonlinear
MEWs of the rotation of antiferromagnetic vector
shifted by n/ 2. The following expressions are valid for
polar angles:

where 2(1+e ez/ )

9(+) = i5V3( X )1/2 Fydn (&5, x3),
Fy = cn’ (&%) + 7 sn” (§s,%5), (31
9( =10, (—x2) Fydn(&5,%3),

2
Fyy =sn” (&,%;) + x; en’ (§3,%;3).
Vector [ rotates around the z axis with oscillations

with respect to 9§+); extrema of 6(1+) correspond to
sn(Gsx;) =0, cn(Gyx;) =0,

dn’ (§5K;) = (Ki/(l +x7))-1.

Expressions for elastic strains are written as
Uy = _blvxlzfgl Sn2 (&3’ K}) 5
uyx =—% b6v <_x12) El sn (§3a KS) cn (§3’ K3)
_ 12
I’lZ)C = +b4V6V3 ( ) F‘31 cn (&3,K3)d1’1 (E.>37K3) (32)
Uy = blvx2 F;cen (E.,s, K3),
2\/2
Uy, = tbg, (_xz ) Fyysn (&3, 53) en (&3, %),

Uy = ib4v8v3< )/ Fsz sn (&, ;) dn (&3,%;).
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The domain of existence of the above solutions is
bounded by the following conditions

fr
k,, > 0: u2 <e<u;, m* >0

or e<miniuy, ,u, ¢, m*<0;
= {_1 2} (33)

ff ff
k> < 0: e>max{uf U5 }, m* > 0

or u3 <e<u2 , m*<0.

The quasiparticle moves above (under) barriers at
m* >0 (m* <0).

Dynamic state 2.2.2: ¢,
o = arccot[ ( 1) V2 sn(§4,1<4)} + nm,
2
o = arccot[ (x1 + X sn (§4,K4)) y J+ nm,

where K‘Z‘ - x22/xl2 = (21551/2 + 1)/(€1€2 - 1) & =
(& - éo)/&;; and 84 — (Bxlz)—l/z

length. Formulas (34) describe oscillations with
-1/2
amplitude arctan (xl2 ) /

< 0. Two solutions exist:

(34)

is the characteristic

with respect to azimuth, and

oscillations of /' relative to the basal plane are given by

-1/2
9§+) = isv4 (xlz) Etl cn (§4> K4) dn (§47 K4) b (35)
0 = —£8,,(x +x3) FuFd sn (&1, )dn (E,.,).

F, = [l +(x7) s’ (&, K4)]_l s Fn =

[1+6)" s’ B) ]
[xf +x;sn° (&, K3):|_1.

The 2.2.2-type oscillations are phase-shifted rela-
tive to the 2.1-type oscillations, and the corresponding
strains are represented as

where

and Fys =

-1/2
Ue = —by Fyy, uy, =2bg, (xlz) Fyysn(84,%,4),

u, =¥by0,4 (xl2 )_1 Efl/z sn (&4, %4)
x cn (&, 1) dn(Ey,Ky),
= by, Fop, thy = b, F i cn (84,%,),
= 1b,,8,4 (xl + X ) F3/2Et3 sn (&4, %)

X cn (&, Ky)dn (&4, 14).
Solutions (34) are supplemented with the solutions

¢(+) = arct 2 " s K4) |,
arc an[ (x) sn (&4, K )} -

¢(+) = arctan[ (x2)/ cn (&4, %4) /dn §4,K4)]+nn

Expressions (37) describe oscillations relative to the

(36)

Uy =

1/2
ground state with the amplitude arctan (x22 )/ . At
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K — 0, nonlinear waves (37) are transformed into har-
monic waves

¢(+) = (xi)l/2 sin&,, ¢(+) = (xf)l/2 cosé&,.

Note that x; — —e/2(e—2(k,»
e — 0. The parameter is given by

(38)

—k,)) = 0, when

e=tan’ o [tan” 6 ~ 2k ) ]/[1 -+ tan o)

where q)E,*) is the oscillation amplitude. When k¥ — 1

ff . .
ore —» u, expressions (37) are transformed into
expressions

o) = arctan [in tan ¢") tanh (&4 )] + nm,
¢(+)

Here, the first expression describes a solitary MEW

- (39)

with asymptotic values iq)(,;}). The polar angles that
correspond to solution (37) are given by

. 1/2
95 )= 13,4 (xzz)/ Fyyon(&y,%4)dn (&4, %),

0 =38.,(x3) (x5 - 1)
x FLsn (g, %,)/dn’ (&,.%,),
-1

Fiy = [1 +x;sn’ (&4"(4)] ’

Fys = [1 + xfcnz (Esr%4) dn” (9 )]

(40)
-1

Maximum values of 9§+) are reached at sn =0 and
cn = 0. The strains are represented as

Uy = _blvx22F;l4 Sn2 (&4’ K4) 5
1/2
U, = b, (Xzz) Fyysn(&4,%4),
1/2

e = 70434 (3) Fil en (8e)dn (§y.),

Uy = _blvx22f—;15 Y 1'12 (&;49 K4) 5

2\/2
Uy, = by, (xz) Fysen (&, K4)/‘1n (&4s%4),
1/2

x = _b4v8v4 ()C22) (Ki - 1)H35/2

x sn (&4, K,)/dn’ (&, %,).

The domain of existence of such solutions is repre-
sented as

(41)

u

ff
kp > |k, max{0,—k,}<e<uy, m*>0;

ki < |k

ff .
, Uy <e<min{0,—k,},
m* < 0.

(42)

eff

Dynamic state 3: &, (g —u, ) <0, B<0. In this

case, the result depends on the sign of e,,.
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Dynamic state 3.1: ¢, < 0. Two solutions exist:
+) 2
¢~ = arctan (xl ) cn (&s, Ks) |+ nm,
(43)

¢(+) _ arctan[ (xz)/ Kssn (Es, Ks /dn &5,1(5)} + nm,

where & =(£-&))/ds, 85 = |:B<x1 X )Tl/z
K?lez/(x12+x2) l—e_l_l/2 /2

Oscillations (43) are phase-shifted relative to solu-
tions (37), and the polar angles are given by

07 = 55,4 ()" Fusn (B e dn (5 ).
o) = 43,4 (x2)"" Fyen (8 )/an’ (8. x0),
F, = [l + xjen” (&s, Ks)]_l ,
F, = [l + xy3sn” (Es, %) dn > (Es, KS)J

Strains in MEW are described using the relationships

(44)

-1

Uy =—by, x12 510112(&5"(5)
= by, ()" Fyen (Barx).
u, = b4V6V5(xl )2 Eon (&5, ;) din (&5, %5),
= by, X33 Fyy s’ (8,%5)/dn’ (&, %s),
tye = by (3)" 5Py 1 (5, K5 )l (B, Ks),

1
= _b4v6v5 (x22)/ K51;'3/2(:’1,1 (&5’ KS )/dn2 (§5a KS) )

(45)

uzx

and the domain of existence of such solutions is repre-

sented as
O<e<—k

0 >0 —k,<e<0, m*<0. (46)

Dynamic states 3.2: ¢, > 0. Two solutions exist:

q)(+) = arctan [i(xf)l/z dn (&, Ké)} + nm,

" 47)
o) = arccot[ (x2) dn(§6,l<6)] + nm,

-2

where & = (E-&)/3 8 = (Bx) ",

K§=<x12_x2 xi = 2/1—e11e12/2, and ¢, <O0.

Expressions (47) describe a periodic nonlinear MEW.
At K, — 0, the oscillations are localized in the vicinity

of q)f:,}) The expressions for polar angles are written as

" 1/2
eg ) = 16‘/6 (xlz) Kgl%l sn (i()’ Ké) Cn(&é’ KG) ’

(48)
o = 78,4 (x3) "

Kstz sn (&g, k) en (&g, Kg) 5
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-1

F = [1 + xlzdn2 (& Ks)} )

[1 +(x3) " dn® (&, K(,)}_l

sented as

where Fy, =

, and the strains are repre-

= _blvxleel dn’ (E6:7%)
1/2
uyx = b()v (X12) Fé)ldn (&631(6)’
1/2
Uy = by By (xlz) K6F631/2 sn (&, K¢) cn (&6, Ks),

> (49)
—b Fsy, uy, = b, (xz) Fey dn (&, %),

U, =—by,8. (x22 )7 KsF ¥

X sn (&69 KG) cn (&67 K6)dn (56’ KG) .

The domain of existence of such solutions is described
using the expressions

f

Ko > ||, max{0,—x,}<e<us, m*<0; 50

eff . %« ( )
Ko <|Ka|, 45 <e<min{0,—x,}, m*>0.

The quasiparticle moves in the vicinity of maximum

ff
u§ at m* < 0 and in the vicinity of minimum u3 at

m* > 0.
Figure 2 shows the diagram of dynamic states on

dlmensmnless coordinates (e*, k, 1) where e* = e/ ky

ul = ul/ .o fork, >0 .Asimilar diagram fork,, < 0
is obtained using the inversion of the diagram of Fig. 2
relative to the origin of coordinates.

Each of the above dynamic states is characterized
by certain symmetry. In particular, in the periodic

nonlinear MEW, quantity 9§+) is symmetric relative to
the basal plane and the result of averaging over the
period is zero. For the nonlinear MEW of the rotation
of antiferromagnetic vector, such a mean value differs
from zero. For the phase transition between such
waves, the minimum (with respect to modulus) value

of 6(;,2 may serve as the order parameter. Such a value
is zero for the periodic wave and proportional to
(1 - K,2 )1/2 for the wave of rotation of antiferromagnetic
vector. The root dependence of order parameter 6(12 is
typical of any phase transition. Derivative 86(12 / de at

e — ngf exhibits a singularity that is similar to that of
the susceptibility of ferromagnetic materials at the
Curie point. Hence, the above changing of the types of
wave can be considered as a dynamic phase transition.

4. DISPERSION OF NONLINEAR MEWs

Nonlinear MEWs are represented in terms of ellip-
tic functions that have periods 4K (k) for sn,cn and
2K (x) for dn, where K (k) is the complete elliptic
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Fig. 2. Diagram of dynamic states on dimensionless coor-

dinates (g*,k;]) for k,, > 0 : the closed and open circles
denote quasiparticles with positive and negative effective
masses, respectively, and the numbers correspond to the
types of waves that exist in the regions of the diagram. The

coordinates of points A and B are {—1,+ 1} and {+1, 0},
respectively.

integral of the first kind. When x — 0, integral K (k)
tends to 71:/ 2. For ¥ — 1, the integral increases as

K(x) = In [4/ (1 - Kz)]. The relationship of spatial

and time periods is A = vT = nK®d, where n =4 for
sn,cn and n = 2 for dnand 9 is the characteristic size.
With allowance for such a relationship, the expression
for the frequency of the 3.1-type wave is written as

o = (1/K)v[(k,0 = 1 = 22)/m]” = (/)" (51)

where r* = (/K ) v? (ky, — ky — 2¢) is the effective
rigidity. Integral K depends on modulus of k, which
depends on v, so that the dispersion relation cannot be
represented explicitly. Thus, we consider K as a
parameter. For v = w/k (where k = 2mt/A is the wave
number), we obtain

o, = (1/2)[(s2 + vy )k + Qﬁ}
) /2 (52)
J_r{(1/4)[(s2 —va )k + Qﬁ] + vﬁkhf,,g} :

where Q] = (ns/K )2 (k,/ay,) is the activation energy,
k, = k. +k, —2e, k., = ky, —(0,, — G,,) is the critical
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effective constant of anisotropy (at the OPT point
k. =0), ky = (b [4hes) + (b7 /(M = \yy)) is the mag-
netoelastic constant of  anisotropy, and

Q= (ms/K )2 (b(,b:6 / 2q 1) is the parameter that deter-

mines the magnetoelastic repulsion of branches.

Constant k, (that determines the activation energy
and depends on the wave amplitude) depends only on
the magnetoelastic constant at the OPT point. For-
mula (52) describes the dispersion of coupled spin

waves and elastic transverse waves. For e — 0
(le| < k.), the modulus is k — 0 and the integral is

K—m2, O >4 (K /a,), Q45 (kK /ay),

Q. — 2s2b6b:6/a11, cn(§x) > sing, sn(Ex) >
cos&,dn(E x) —> 1, so that formula (52) is trans-
formed into the dispersion relation of linear waves. In
the region of small wave numbers, the dispersion of
quasi-spin and quasi-elastic waves is described using
the expressions

o = Q] +[ 5 +(Qh./ Q)i |,

o =21~ (0. ))& 9

CONCLUSIONS

We have theoretically analyzed the behavior of
nonlinear MEWs in the vicinity of the OPT between
the plane collinear and angular phases for a tetragonal
antiferromagnetic material. Seven different dynamic
states with certain symmetries are possible for the sys-
tem under study. Transitions between such states may
result from changes of parameters of external elastic
force.

The motion of antiferromagnetic vector in the
presence of the field of elastic wave is similar to the
motion of an effective spin quasiparticle in a periodic
crystallographic potential that is modified by magne-
toelastic static and dynamic interactions. Dynamic
state 1 at kK — 0 corresponds to a free classical particle,
and state 2.2.1 corresponds to a free quantum quasi-
particle that moves above the maxima of potential but
is sensitive to its variations. A localized spin quasi-par-
ticle oscillates relative to the minimum (maximum) of
the periodic potential for the positive (negative) effec-
tive mass. The potentials with local minima (states 2
and 3 in Fig. 1) correspond to two energy levels, so that
effects typical of two-level quantum systems [37] can
be observed in the systems under study: in particular,
emission of spin waves due to elastic pumping. Non-
linear eigen-MEWs exhibit singularities with respect
to velocity that vanish when the exit of the antiferro-
magnetic vector from the basal plane is taken into
account. Similar dynamic magnetic phase transitions
with spontaneous violations of symmetry may take
place in the presence of a polyharmonic light field [38].
Vol. 66
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