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Fluxon dynamics in long annular Josephson tunnel junctions
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Single-fluxon dynamics has been experimentally investigated in high-quality Nb/Al-AlOx /Nb annular Jo-
sephson tunnel junctions having a radius much larger than the Josephson penetration depth. Strong evidence of
self-field effects is observed. An external magnetic field in the barrier plane acts on the fluxon as a periodic
potential and lowers its average speed. Further, the results of perturbative calculations do not fit the experi-
mental current-voltage profile and, provided the temperature is low enough, this profile systematically shows
pronounced deviations from the smooth predicted form. The deviations take the form of fine, hysteretic, almost
equally spaced structures.@S0163-1829~98!04406-3#
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I. INTRODUCTION

The soliton ~or fluxon! dynamics in annular, i.e., ring
shaped Josephson tunnel junctions is an interesting phy
phenomenon due to the fluxoid quantization in a superc
ducting ring and due to the absence of collisions w
boundaries.1 This geometry was studied in the mid 1980
~Refs. 2–4! and recently it has gained renewed interest.

far only junctions with a mean radiusr̄ smaller or compa-
rable to the Josephson penetration depthlJ have been con-
sidered; for these junctions the Kulik perturbative theory
the Fiske singularities has been successfully extended5 In
this paper we investigate the fluxon dynamics in relativ

long annular junctions, i.e., whenr̄ slJ , up to 5 r̄ /lJ

'10. In Sec. II we will describe the samples and the exp
mental setup and we show why the normalized radiusr,
rather than the normalized circumference should be use
properly compare the electrical length of annular junctio
with that of linear junctions.

Only the first zero-field step~ZFS1! corresponding to a
single fluxon moving around the junction will be inves
gated, since on higher-order steps the different arrangem
of the fluxons inside the barrier and the fluxon collisio
make the interpretation of the observed phenomena diffic
In the simplest picture the velocity of a single fluxon, co
sidered as a relativistic particle, is determined by a bala
between the driving force on the fluxon and the drag fo
due to the dissipative losses. In the absence of a magn
field, the driving force is proportional to the bias curre
density which is uniform in the junction. The losses a
given by the normalized quasiparticle shunt loss coeffici
a and the surface losses in the superconducting electr
570163-1829/98/57~9!/5444~6!/$15.00
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described by the surface loss coefficientb. A relativistic for-
mula for the fluxon motion can be derived1 for an infinitely
long junction using a perturbational approach. It predict
smooth current-voltage profile of the ZFS1 branch in annu
junctions where, as on an infinite line, the fluxon moves o
subjected to cyclic boundary conditions:

g225S p

4a D 2

~u2221!F11
b

3a~12u2!
G22

, ~1!

where g is the distributed bias current normalized
2pJcr̄ Dr . Jc is the uniform maximum Josephson curre
density, Dr is the ring width, andu is the fluxon speed
divided by the Swihart velocityc0. Annular Josephson tun
nel junctions have been used to test the perturbation m
since 1985.3 Further, Eq.~1! enables the determination of th
temperature dependence of the loss parameters meas
the ZFS1 profile at different temperatures. In Sec. IV
present the changes on theI -V characteristic with tempera
ture and show that the data cannot be fitted by Eq.~1!. Pro-
vided the temperature is low enough, the ZFS1 profile s
tematically shows pronounced deviations from the smo
predicted form. These deviations take the form of fine, h
teretic, almost equally spaced structures.

Using a Lagrangian formalism Gro”nbech-Jensenet al.6

have proposed a model for an annular junction in an exte
magnetic field parallel to the barrier plane. They showed t
the field accounts for an additional periodic term in the p
turbed sine-Gordon equation which describes the system

fxx2f tt2sinf5af t2bfxxt2g2hDsinx/r. ~2!

Heref is the phase difference of the macroscopic superc
ducting quantum-mechanical wave functions across the
5444 © 1998 The American Physical Society
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57 5445FLUXON DYNAMICS IN LONG ANNULAR JOSEPHSON . . .
rier of the Josephson tunnel junction. The dimensionless
gular coordinatex increases by 2pr upon a round trip and
the time has been normalized to the inverse of the maxim
junction plasma frequency.h is the applied magnetic field
normalized toF0/2pm0r̄ d, and D is the coupling between
the external field and the flux density in the junction. Equ
tion ~2! was derived in Ref. 7 by requiring that the inductio
field is continuous at the junction boundary; it was also de
onstrated thatD depends on the particular electrode config
ration, and is always inversely proportional to the square
the normalized radius (D5r22 for the sample geometry re
ported in this work!. Equation ~2! has periodic boundary
conditions depending on the numbern of fluxons trapped in
the annular junction:

w~x12pr!5w~x!12pn, wx~x12pr!5wx~x!,

where n ~integer! appears as a topological constant of t
system.

It has also been shown8 that in the nonrelativistic limit
(u2!1) and disregarding the surface losses, the equatio
motion for the soliton regarded as a particle is

c tt1ac t1
ph

4r3cosh~p/2r!
sinc5

pg

4r
,

wherec5x0 /r and x0is the instantaneous soliton positio
This is the equation of motion for the damped and driv
pendulum and can be cast in the more familiar form:

c tt1ac t1v0
2sinc5v0

2G, ~3!

with the natural oscillation frequency v0

5Aph/4r3cosh(p/2r) depending on the magnetic fieldh
and the forcing termG5(g/h)r2cosh(p/2r). We point out
that bothv0 andG also depend on the normalized junctio
radiusr. In Sec. III we show how the ZFS1 profile depen
on the magnetic field and demonstrate that, according to
~3!, a magnetic field in the barrier plane reduces the aver
fluxon speed. The paper is concluded with a short summ

II. THE SAMPLES AND THE SETUP

The high-quality Nb/Al-AlOx/Nb Josephson tunnel junc
tion were fabricated with a whole-wafer process in which
junctions are formed in the window of the SiO insulatin
layer between the base and the counter electrodes. Deta
the fabrication technique have been reported elsewhere.9 The
ring-shaped junctions, depicted in Fig. 1, had a mean ra
r̄ >80 mm, widthDr 54 mm and a geometry very close t
the so-called Lyngby geometry3 in which both the base an
top electrode have a hole concentric to the ring. The i
region surrounding the barrier had a width approximat
equal to the junction width on both sides; further, as sho
in Fig. 1, the base electrode~dashed line! was slightly larger
than the wiring film~full line!; this ‘‘trick’’ seems to make
fluxon trapping easier.10 In fact, by chance, we trapped
single fluxon once every 10 or 20 attempts during which
junction temperature was raised above its critical value
means of a heating resistor placed close to the~unbiased!
sample. After this trapping procedure the zero-voltage c
cal current was at least 20 times smaller than its maxim
n-
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value. It was possible to trap two fluxons per about 1
attempts. We tried other trapping procedures such as
‘‘field’’ cooling and the ‘‘current’’ cooling, but we had to
reject these methods since they very likely trapped also
wanted Abrikosov vortices in the superconducting film
Abrikosov vortices may act on the fluxon as pinning cente
and thus increase the junction critical current.

Many samples have been measured. For clarity only
will be discussed here. The geometrical and electrical~at 4.2
K! parameters of the two selected annular junctions on
ferent wafers are listed in Table I. They have the same
ometry, but differ in the critical current density, i.e., in th
normalized radius~3.2 and 8.0, for sample A and B, respe
tively! and in the maximum plasma frequency. The critic
current density has been calculated from the measured
siparticle current step,DI g , at the gap voltage. The magnet
thicknessL was evaluated from the magnetic pattern
small test junctions produced on the same wafer during
same fabrication process. On the same chip a linear ove
junction with the same width, length and idle region w
placed in order to measure the junction Swihart veloc
~c051.4 3107 m/s! which, due to the effect of the idle re
gion, is 1.5 times larger than the bare junction Swihart
locity. The data in Table I show that the junctions A and
are high-quality, long annular Josephson tunnel junctions

FIG. 1. Schematic of our annular Nb/Al-AlOx/Nb junctions. The
base electrode~dashed line! is slightly larger than the wiring film
~full line!. The tunnel barrier is shown by the black area.

TABLE I. Geometrical and electrical parameters of two selec
annular Josephson tunnel junctions at 4.2 K.

Sample A B

Mean radiusr̄ (mm) 80 80

Width W(mm) 4 4
Zero field crititical currentI o(mA) 3.4 21.0

Maximum crititical currentI max(mA) 3.7 23.1
Gap quasiparticle current stepDI g(mA) 6.8 48

I max/DIg 0.54 0.48
Critical current densityJc(A/cm2) 240 1700

Maximum plasma frequencyf p(GHz) 50 130
Josephson lengthlJ(mm) 25 10
Normalized mean radiusr 3.2 8.0

Quality factorVm(mV) 74 68
Magnetic thicknessL(nm) 180 180

Junction specific capacitancecs(F/m2) 0.08 0.08
ZFS1 asymptotic voltage (mV) 55 46
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5446 57N. MARTUCCIELLO et al.
The samples were measured in a very well electrica
and magnetically shielded environment. External magn
fields both parallel and orthogonal to the bias current co
be applied simultaneously by means of a solenoid and
Helmoltz coils, respectively. The temperature could be lo
ered by pumping on the helium bath and the pressure
stabilized with a Cartesian manostat. Above 4.2 K the te
perature could be increased by means of a heater.

Why r instead of l

Since we are dealing with junctions long compared tolJ,
we first have to understand how large is the magnetic s
field generated by the bias current, since any external m
netic field acts on the fluxon as a periodic potential. It is w
known that the ratio of the measured zero-field critical c
rent I 0 to the quasiparticle current step at the gap volta
DI g , gives an estimate of the self-field generated by the b
current; the smaller this ratio, the larger the self-field.11 For
short or self-field free junctions this ratio only depends
the temperature and on the electrode materials. Due
strong-coupling effects this ratio should theoretically
equal to 0.71 for Nb/Nb junctions at 4.2 K, although in t
literature it is usually less than 0.65.

Samuelsen12 has pointed out that the bias current is u
formly distributed around the sample circumferences
electrically small, one-dimensional (Dr ! r̄ ) annular junc-
tions whose electrode width equals the ring diameter. Thi
because the distribution of the current carried by a superc
ducting thin film is larger on the film edges and exac
matches the junction current per unit length; in fact, th

both vary as 1/A r̄ 22y2 in which y is the transverse elec
trode coordinate. Due to this coincidence annular juncti
with small normalized circumference have the ratio of t
zero-field critical current to the gap quasiparticle current s
close to that of a small junction. Martuccielloet al.7 found
that the largest critical currentI max of long annular junctions
can be obtained by applying a magnetic field in the direct
perpendicular to that of the bias current in order to partia
compensate the self-field. From Table I we see that theI max
is about 10% larger thanI o for both samples. However, th
ratio I max/DIg , although large for both samples, decrea
with the normalized circumference of the ring. This indica
that the self-field has a complex spatial dependence that
not be fully compensated by the application of an unifo
external field as in the case of linear junctions.11 We con-
clude that long annular junctions feel the presence of a n
uniform magnetic field proportional to the bias current in t
junction itself; the longer the junction, the larger is the effe
just as in linear junctions. This is also supported by the
merically computed magnetic patterns for annular junctio
having different normalized radii.7 The normalized radiusr
~and not l ) has to be larger than unity to get a noticeab
discrepancy from the small junction behavior. Further, it h
also been analytically shown13 that the critical field,hc , of
the annular junctions follows a quadratic dependence onr :
hc(r)5hc(0)1r2. Another manifestation of the self-field i
found by looking at the ZFS1 asymptotic voltages of the t
samples. For sample AVZFS1 is very close to the value ex
pected when assuming that the Swihart velocity is that m
sured on the overlap junction (c051.4 3107 m/s!. For the
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longer samples this voltage is considerably lower sugges
that the soliton moves in a periodic potential, as will
shown in the next section. Although qualitative consid
ations bear strong evidence of the self-field effect, a qua
tative analytical calculation of the current and field distrib
tion inside a long annular junction has not been made.

In order to minimize the effect of the magnetic self-fiel
a proper external fieldB' in the direction perpendicular to
the bias current and with an amplitude proportional to
bias current itself was applied in all the measurements p
sented in this work.

III. MAGNETIC MEASUREMENTS

A. Magnetic patterns

Figure 2 shows for sample B with one trapped fluxon
T51.8 K, the dependence of both the critical curre
I o~stars! and the amplitude of the ZFS1~dots! as a function
of an external magnetic fieldBi parallel to the bias curren
(Bi is proportional to the currentI Bi

flowing in the coil!. We

observe that although small~less than 5% ofI max), the zero-
field critical current is not zero as theoretically expected
an ideal tunnel barrier where an infinitesimal bias curr
drives the fluxon away leaving the junction in a finite volta
state. This indicates that the fluxon gets pinned in a sm
potential due to unavoidable imperfections in the real ba
ers. When theBi field is increased, then the potential we
grows deeper and a larger driving force, i.e., bias curren
needed to start the fluxon motion; theI o vs Bi dependence
follows, at least qualitatively, the first-order Bessel functi
behavior expected for small annular junctions.13 As far as the
ZFS1 is concerned, we found that it becomes unstable i
external field is applied, since the fluxon gets stuck in
potential well. Figure 2 clearly shows the stability range
the fluxon in theI -Bi plane~hatched area!. The upper curve
was obtained by fixing theB value and increasing the curren
until the junction switches to higher voltages and, vice ver
the lower curve was obtained by setting theI value and
increasing the parallel field until the fluxon gets pinned in t

FIG. 2. Magnetic pattern of the critical current~stars! for sample
B with one trapped fluxon in a current-parallel magnetic fieldBi
proportional to the currentI Bi

flowing in the coil. The hatched are
delimited by the dots shows the range of existence of the trave
fluxon mode in theI -Bi plane.
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57 5447FLUXON DYNAMICS IN LONG ANNULAR JOSEPHSON . . .
potential well and the junction voltage switches to ze
Similar data have been obtained for negative bias curren

B. Magnetic tuning

The ZFS1 voltage can be tuned by the external field. F
ure 3~a! shows for different bias currents along the ZFS1 t
voltage shift due to a magnetic field applied in the directi
of the bias current (Bi is proportional to the currentI Bi

flow-
ing in the coil!. A dc voltage shift as small as 200 nV wa
easily observed. We see that theBi field causes a negative
tuning ~i.e., a reduction of the dc voltage, and hence of t
average fluxon speed!, except on the very top of the ste
where the tuning is slightly positive. Further, the tuning
more effective at lower bias, although the magnetic field c
be changed in a larger range as we move to a higher
current. A relative tuning as large as 20% has been meas
at the middle of the step. The tuning is rather symmetric w
respect to field reversal, and similar data have been obta
also for the negative step corresponding to the single flu
moving in the opposite direction. In Fig. 3~b! we have plot-
ted the low-bias data of Fig. 3~a! normalizing the voltages to
the corresponding zero-field voltage and dividing the fie
values by a quantity proportional to the bias current. In t

FIG. 3. ~a! Magnetic tuning of the single fluxon voltage at di
ferent bias points along the ZFS1 for sample B atT54.2 K. ~b!
Low-bias data of~a! in normalized units; for each bias current V~0!
is the step voltage in zero magnetic field. The full line is the a
lytic expression~4!.
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way all the data fall close to each other; indeed the d
progressively shrink as we move to a higher bias curre
This agrees with the theory where in the nonrelativistic lim
a fluxon moving on an annular junction in a barrier paral
magnetic field is analog to a driven and damped pendul
the average fluxon speed being related to the pendulum
tation frequency. Unfortunately an analytic expression
the dependence of the rotation frequency on the amplitud
the gravitational field only exists in the case of quadra
losses, i.e., withaf t replaced withaf t

2 in Eq. ~3!.14 Simple
algebraic manipulations show that

u~x!

u0
5

A11x

~2/p!K@2x/~11x!#
, ~4!

whereK(m) is the complete elliptic integral and the arg
ment x52ah/gr2 cosh(p/2r) is proportional to the ratio
h/g, confirming the universal behavior found in the expe
ments. Equation~4! is plotted as a full line in Fig. 3~b!. The
agreement with the experimental data is quite satisfactor

We point out that the viscous losses play an import
role for the tuning. In the classical limit and in absence
losses the average fluxon speed would be independent o
external field since it creates a potential which only mod
lates its speed around its zero-field value without affect
the average. However, in the presence of viscous losses
soliton in a periodic potential in the average dissipates m
energy resulting in a decrease of the average speed. Ind
we have experimentally found that the tuning rate is sma
at lower temperatures where also the losses are smaller.
results shown in Fig. 3 are qualitatively similar to those e
pected in long linear junctions15 for which the magnetic field
is known to reduce the fluxon energy.

IV. TEMPERATURE MEASUREMENTS

A. Loss determination

Figure 4~a! shows for sample A at different temperatur
the current-voltage characteristic of the first zero-field sin
larity, that is, when the junction has one fluxon trapped in
barrier and no external field is applied. The step spans a v
large voltage range and has a return current always lo
than 0.1 mA. The shape of the step provides informat
about the losses experienced by the soliton. According to
~1! a and b can be found by plotting the inverse of th
squared current as a function of the inverse of the squa
voltage. In the absence ofb losses this plot should be
straight line; deviations from a straight line are expected
high voltages (v22→1), the shunt loss parametera being
strictly related to the curve slope at low voltages (v22

→`). Figure 4~b! shows the same step profiles plotted
g22 vs v22. Unfortunately, a comparison between the e
perimental data and the perturbation theory is imposs
since they have opposite concavity; in fact,d2g22/d(v22)2

is always negative for the experimental data, while it sho
be positive for nonzerob in Eq. ~1!. Further, the analysis o
the slopedg22/dv22 in the low voltage limit yields unrea-
sonably largea values. This indicates that the infinite leng
perturbation theory does not apply to long annular junctio
Similar results have been found for sample B. A good
between Eq.~1! and experimental data onr'2, Nb/Pb an-

-
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5448 57N. MARTUCCIELLO et al.
nular junction has been reported in Ref. 4, but only in a ver
small voltage range close to the asymptotic voltage (
<v22<1.5) where deviations from the perturbation theor
are expected to occur. Also our data show a very large slo
in this range. We point out that this is an attempt to apply th
perturbation theory to high-quality Nb/Al-AlOx/Nb junctions
and over a very large voltage range.

B. Fine structures at low temperatures

In Fig. 4~a! the step profile becomes increasingly steepe
as the temperature decreases and eventually fine structu
appear in the form of hysteretic, tiny steps. Figure 5 show
the low-temperature ZFS1 for sample B and the inset show
that the voltages at which the fine structures occur are almo
equally spaced, with the voltage spacing of about 0.4mV. A
differential resistancedV/dI as low as 40mV has been mea-
sured on the top of the step. Further, fine structures ha
been observed also on the fluxon-antifluxon step in the ca
of no trapped fluxons; In this case, in spite of the fluxon
antifluxon collisions, we found a similar step profile pro-
vided that a factor of 2 in the voltage scale was considere
due to the presence of two traveling solitons.

No external magnetic field was applied to the annula
junctions in order to observe the fine structures which ther

FIG. 4. ~a! ZFS1 profile for sample A at different temperatures
~b! the same data of~a! plotted asg22 versusv22. g is the distrib-
uted bias currentI normalized toI 0(T) andv is the junction voltage
V divided by the temperature-dependent asymptotic voltage.
y
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pe
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r
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fore are different from those found numerically by Gro”nbech
et al.8 and recently experimentally reported by Ustinov10 on
the ZFS1 profile of annular junctions in the presence of
externally applied field. In this case, a resonance may oc
between the traveling fluxon and the plasma wave emitted
the fluxon itself while it is accelerated in the periodic pote
tial. In our case, the application of an external field did n
induce the appearance of new structures, but it only caus
tuning of the zero-field resonances as described in the pr
ous section. Therefore, we do not believe that the fine st
tures in long annular junctions are due to the self-field, ev
though they are more pronounced in longer junctions.

The fine structures have often been reported since 1
on the zero-field singularities of a long linear junction16–18

and several models have been proposed to explain th
Changet al.16 related the fine structures to the interaction
p fluxon oscillations with theqth fractional cavity mode,
assuming the response of the Josephson resonator to b
ear. In this case, the resonant frequencies should be a rat
fraction of the characteristic frequencyf c5co /(2pr )'30
GHz, but unreasonable numbers forp and q where neces-
sary. Later, taking into account the nonlinear nature o
Josephson cavity, the fine structure was ascribed to the in
action of the traveling fluxon with small amplitude plasm
oscillations with the frequencyf p51/2pA2eIc /\C ~where
C is the junction capacitance andI c is its critical current!. In
this case, the resonant frequencies should occur atf n
5f p /n.17 In a recent paper Barbaraet al.18 described the
development of the fine structures at low temperatures as
to the interaction between the fluxon and the plasma wa
generated by the fluxon itself during the acceleration exp
enced at reflection on the junction edges. Unfortunately n
of the previous explanations seem to be able to fit the volt
position of the fine structures we observed. Even an atte
assuming the presence of one or two~diametrically opposed!
inhomogeneities in the barrier failed.

V. SUMMARY

We have studied the single soliton dynamics on lo
Nb/Al-AlO x/Nb annular Josephson tunnel junctions~Fig. 1!

FIG. 5. Example of fine structures on the profile of the zero-fi
singularity for sample B measured atT51.8 K. The inset demon-
strates that the fine structures are almost equally spaced.
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57 5449FLUXON DYNAMICS IN LONG ANNULAR JOSEPHSON . . .
in the presence of an external field applied in the plane of
barrier or at different temperatures. We found that in orde
partially compensate the effect of the self-induced magn
field an external fieldB'with an amplitude proportional to
the bias current was needed in the direction perpendicula
the current flow in the electrodes. As a result we obtain
symmetric dependences of the step amplitudes~Fig. 2! and
of the voltage tuning@Fig. 3~a!# on the amplitude of an ex-
ternal fieldBi parallel to the bias current. Due to the pre
ence of viscous losses, the average fluxon speed is red
when it moves in the periodic potential generated by
uniform external field according to Eq.~2!. We have fitted
our data assuming that the soliton behaves as a classical
ticle in the presence of ohmic losses, Indeed fitting is
possible at large bias currents where the effect of the sur
loss cannot be neglected.

Further, studying the fluxon dynamics at different tem
he
to
tic

to
d

-
ced
e

par-
ot
ce

-

peratures, we found that ourI -V characteristics cannot be
explained by the perturbation theory Eq.~1! ~Fig. 4! and,
even more surprisingly, fine structures develop on theI -V
profile at low temperatures~Fig. 5!.
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